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ABSTRACT 


This thesis is a study of four aspects of hypergraph 
theory. 

In Chapter One, we give some of the basic terminology and 
give an overview of the remainder of the thesis, and state all of 
the main results. 

Chapter Two is a study of various problems which arise 
in connection with color-critical hypergraphs. We prove first that 
for each pair of integers nm and r, n23 and r>3, there exists a 
critical r-chromatic linear n-graphs on m vertices for all but 
finitely many values of m. Secondly, we show that the number of such 
pairwise non-isomorphic graphs grows at least exponentially in m. 
Thirdly, we consider the problem of determining the least number of 
edges such graphs may contain and show that the number in question 
grows essentially linearly with m. 

In Chapter Three, we consider edge-colorings of hypergraphs 
and obtain some new recurrence inequalities for Ramsey numbers for 
5-graphs. 

In Chapter Four, we consider the notion of the covering 
number of a hypergraph. Upper and lower bounds are obtained for these 
numbers and it is shown, by probabilistic methods, that there exist 


large classes of graphs for which the bounds given cannot be 


(iv) 


bre ygolditarss otésd srl 10) aman SvER sw ysad ysdqad, at 


Yo in otn3% bs palesns old to! webrtemet std to watvaswo as ovig 


ee 
sdetveuk’ ate 9s 7 
: 7 
7 
7 


oatue. dot: smefdorg aigktiv Oo ybnse ye et owt set qed 
tad3s Jest? svorg oW -edqetgzeqyd {eokst1a-10Lo» diiw -nofsasnro> nt 
gs etetixes o1shy 25 bap Gen 5 bre ‘ aysgstnt Io ylang dos yo? 
gud [Eg rot aspta1ey « mo angeta-K enee oidemots=* Leotata3 
dove ao vada odd indi wode ow .¥ibnovs? .m to eoulsy osm yfsatar? 
.™ nt vileiinenogxs jpe9f $8 ewo1g adge7s atdyiomoel=on séhuttsg 
lo teduya fen! odd, grtinimtsash to motdoxq add vebieaso Sw pctbatet 7 
noitesyp nt asdmun ods jed3 wode bone mraiaoo ym artery) nape wsghe 
say HidLw efasantl viistunsees evorg 
ariqszgreqvid Jo aagnttoloo-2xbe yabtzne> 9% joasitt” ern wt » : 
162 eae a ed beh bk 991475987 weit SItoe ching shag m2 


Reenioiacace ei wave ay ee 


improved by more than a constant factor. 

In Chapter Five, we consider a modified coloring problem 
in which some, but not necessarily all, of the vertices of a hyper 
-graph are colored. Our main results concern the estimation of the 
least number of edges such a hypergraph can have. 

The four topics are interrelated to some extent and 


these interrelations are pointed out at the appropriate places. 
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CHAPTER ONF 


OVERVIEW 


ibe) Introduction 


This thesis is a study of certain aspects of hypergraph 
theory. Hypergraphs, to be defined below, are a generalization 
of ordinary graphs which, of course, have been extensively 
investigated. 

The present chapter is intended to give an overview of 
the remainder of the study. In this section, we shall give the 
definition of a hypergraph and introduce some of the basic concepts 
and terminology. In the four remaining sections, we shall 
introduce the specific problems in hypergraph theory which are 
dealt with in the thesis. All of our main results will be stated 
in Chapter One, the proofs being deferred to the later chapters. 

We attempt to minimize any confusion this may cause by restating 
each result when its proof is presented and numbering it the same 
way as in Chapter One. 

We give some of the historical background to the questions 
being considered, but do not attempt a comprehensive survey in 
this regard. Instead, we mention only those results which have 


some direct bearing on ours. 


tecirbenh Yo ates! itaansh 30 buon at aval bE ate 7: 


aokjasiinysnog # sxx ,soled bontYeb od: 03 <edgexatsavl es 
visvtenssxs aged oval soetv02 to .dotdy edge SS aaieidiar -Y 


to Weivrevoe as ovitn 03. babnyant at sstqada jmvagsg aaT : 

sid svtg Linde ow ,watsdoe ebds ni Se 
asyooao> stand edz Xo woe souhoszAl bs aeesnasint 20, ackUMAta 

fisie 4w ,enoksa8e antntemsr wet ons al -rgotontates bam 

sin daitiv syibedd! dgetgzaayd Ai adotdoza: at tbeeqe Si9 sonhoxsal 
begade od Lfiw oSfuees minm aio do 11a .abeada of nk datw atest 
vaieageds, s59nk ot 03 hotrstab xnked etoora Sid ianO sagittal o 
amtisseor vd seuno yam elds sotevtnas yan sstimbnim 03 scmoate WW 
omne oft 3% gnivsdnun bus hetnaessq e: ve ae 
a 909 oe 
¥ preamemnenenioneeese : 
, oeenirar eaeiAte aN 6 


it ear: 


r 


We now give some of the basic definitions. The term being 
defined is underlined. 

A hypergraph is an ordered pair (V,F) where V tc a finite 
non-empty set and F is a non-empty collection of subsets of V. We 
shall always assume that V=UF, so that we may speak of the hyper- 
graph F rather than (V,F). The elements of UF are called the 
vertices of F while the elements of F are called the edges of F. 

AMtiypergsraphn f°1s said tobe unitorm if for all wes 
|F|=n for some integer ”>2. Then F is called an m-graph. Thus an 
undirected, finite, ordinary graph without loops, multuple edges or 
isolated vertices is a 2-graph. We remark that 2-graph terminology 
not defined in this thesis can be found in [H4]. We shall deal 
exclusively with ”-graphs. Thus the remaining definitions will be 
given for m-graphs, although some of them make sense for hypergraphs 
in general. 

An n-graph F is said to be linear if |FnF'|<7 for all 
F,F'eF, FAF". Thus 2=graphs are necessarily linear. 

Let S be a subset of the vertices of an n-graph F. The 
degree of S is defined to be the number of edges of F which contain 
S. The degree of a vertex v of F is defined as the degree of the 
singleton set {v}. In the’ case of “a 2-egraph; this’ coincides with 
the usual definition of the degree of a vertex. 

An Wi-eraph — vs said ‘to"be regular if ‘all “its vertices 
have degree t for some integer t. Then we say that the degree of F 
is @pt 


Let F be an n-graph with V=UF and m=|V|. F is said to be 
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complete if F consists of all n-subsets of V. We shall denote this 
graph by Vor Ul. 

If F' is a non-empty subset of an m-graph F, then F' is 
said to be a subgraph of F. If F' is a proper subset of F, then F' 
is said to be a proper subgraph of F. 

Two m-graphs F and F' are said to be isomorphic if there 
exists a one-one function 6 from UF onto WF' such that 6(F)eF' iff 
FeF. Otherwise F and F' are non-isomorphic. 

An n-graph is said to connected if it is impossible to 
partition the vertex set into two disjoint non-empty sets A and B 
such that if F is an edge of the graph, then either FcA or FcB. A 
maximal connected subgraph of an “-graph will be called a component. 

Let Fy={Fj 52+ Fi} be an ”,-graph and Poets; tag Fad be 
an No-graph. The (n)+n>)-graph F={Fo,.+.5F} where F=F,UF;; IESE. 
is said to be obtained by abutting F, to Fo. The two qraphs must 
be Kisjont 

There is one special notational convention which we shall 
follow throughout. The letter C will always denote a positive const- 
ant. The numerical value of @ will not necessarily be the same at 
each occurence. Occasionally ¢ will depend on one or more parameters 
which are fixed throughout the immediate discussion. When there is 
danger of confusion, we shall mention explicitly the parameters on 
which ¢c depends. If two or more absolute constants appear in a 
single equation or inequality, they will be distinguished by 
subscripts. 


Additional definitions from hypergraph theory will be 
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given as the need arises. 


§2. Chromatic Numbers 


One of the most extensively studied concepts of ordinary 
graph theory is that of chromatic number. We remind the reader that 
a 2-graph is said to have chromatic number r if r is the least 
positive integer for which there exists some way of coloring the 
vertices of the graph in yr colors so that no edge joins vertices 
of the same color. This notion generalizes in a natural way to 
hypergraphs. 

Formally, an m-graph F is said to be r-colorable if 
there exists a function $:UF>{1,...,r} such that |o(F) | =2 for ald 
FeF. We call » an r-coloring of F. F is r-chromatic if it is 
r-colorable but not (r-1)-colorable and we then call yr the chromatic 
number of fF. —f is »—eritical if it is y—chromatic and all its 
proper subgraphs’ are (r-1)-colorable. F is critical if it is 


f=CEitteais Lom Some! 2’. 


Critical 2-graphs were first investigated by Dirac and 
subsequently by many other authors(see for example [01! and 
references given there). It is a simple matter to verify that the 
only 3-critical 2-graphs are the circuits of odd length. It was 
hoped at one time that a characterization of the 4-critical 2-graphs 


would be useful in tackling the celebrated Four Color Problem. 
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However, no such characterization has been found and, in fact, 
recent results(see, for example, Simonovits([S2]) and Toft([T2])) 
indicate that the ¢-critical 2-graphs may be quite complicated and 
that perhaps no simple characterization is possible. 

By an (m,n,r)-graph we shall mean an r-critical n-graph 
on m vertices. We shall investigate various problems concerning 


(m,n,r)-graphs. 


§2.1. The Existence Problem 
There are two questions which arise: 
(A) For given integers m and r, for which integers m do (m,n,r) 
-graphs exist? 
(B) For given integers m and r, for which integers m do linear 
(m,n,r)-graphs exist? 
For 2-graphs, and here the two problems coincide, (m,2, 3) 
-graphs exist only when m23 is odd. This is just a restatement of 
the fact that the only $-critical 2-graphs are the odd circuits. 
For r24, Dirac([D2]) proved that (m,2,r)-graphs exist only when 
m=r or m2rt2. 
For n23, let 
M(n,r)=(n-1) (r-1) +1. 
It is easy to verify that [M(n,r) 1” is r-critical. Recently, it 
has been shown that (m,n,r)-graphs exist for all m2M(n,r). This 
was done by Abbott and Hanson(lA81) for the case r=3 and by 
Toft({T31) for r=¢. Since (m,n,r)-graphs do not exist for 


m<M(n,r), problem (A) has been solved completely. 
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The constructions of Toft, Abbott and Hanson do not 
yield linear ”-graphs, so that their work sheds no light on 
problem (B). A priori, it is not obvious whether linear (m,n,r) 
-graphs exist for any value of m. 

The question seems to have been first raised by Gallai. 
Erddés and Hajnal(LE6]) mention the problem and point out that the 
Steiner triple system on 7 points is an example of a linear (73,3) 
-graph, but give no other examples. This graph is given as 
Example 1 in Appendix l. 

Proofs of the existence of linear (m,n,r)-graphs for 
each pair of integers 1 and r, n23, r23, and some integer m, were 
given by several authors at about the same time. A simple proof 
based on Ramsey's Theorem(to be introduced in §3) was given by 
Abbott([A2]) for the case r=3, and his proof easily generalizes 
to r2¢. Other proofs were given by Erdits and Hajnal([E7]), 
Lovdasz(LL4]) and Hales and Jewett({H2]). In all of these papers, 
the m-graphs constructed are not necessarily critical, but since 
any r-chromatic n-graph contains an r-critical subgraph, there is 
no problem. 

The papers of Lovdsz, Erdos and Hajnal referred to above 
also establish the existence of arbitrarily large integers m for 
which linear (m,n,r)-graphs exist. A simple proof of this is given 


by Abbott([A7]), in the case r=d. 


Our main result is the following 
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Theorem 2.1. For n>3 and r>3, there exists a least integer M*(n,r) 


such that for m2>M*(n,r), a linear (m,n,r)-graph exists. 


The determination of the numbers M*(n,r) seems to be very 
difficult, and we have succeeded in determining only one value. We 


Sitateucnicuas 


Theorem 202. aM*(356)=9% 


Even the next non-trivial values, M*(3,4) and M*(4,3), 
seem to be out of reach. The main difficulty lies in finding actual 
examples of linear (m,n,r)-graphs. We have been able to obtain the 


following bounds: 


M*(3,4)<8928 
and 
M*(4,3)< 62835, 


but have no reason to believe that these are sharp. 


§2.2. The Enumeration Problem 


Once the existence of at least one (m,n,r)-graph has been 
established, it is natural to ask how many such graphs are there(to 
within isomorphism). We define S(m,n,r) to be the number of non- 
isomorphic (m,n,r)-graphs and S*(m,n,r) similarly for linear 


(m,n,r)-graphs. Clearly 
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S(2m,2,3) = 0 
and 
S(2mt-1,2,3) = 1. 
Also, it) is net difficult to verify that the only linear 
(7,3,3)-graph is the graph of Example J] in Appendix 1, so that 


ACP aya a. 


We are concerned with the case where n=>35 and r2s are 
fixed and m is large. We obtain the following lower bound for 


SIMs 37). 


Theorem 2.3. For m>3 and r23, there exists a constant @1, 
depending on nm and r, such that 

m 

Oia, ?) 2c 


for sufficiently large m. 


For linear graphs, the situation is not quite as satisfactory 
as we can only prove that the lower bound holds for the cases 


as eweva! Pe 


Theorem 2.4. For n=3 or 4 and r23, there exists a constant ec>l, 
depending on m and r, such that 
m 
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for sufficiently large m. 
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However, we believe that the lower bound holds for the 
cases n20. The main difficulty in supplying a proof lies again 


in finding actual examples of linear (m,n,r)-graphs. 


§2.3. An Extremal Problem 


There are numerous extremal problems that can be raised 
in connection with (m,n,r)-graphs and many of these have been 
investigated in recent years. We restrict our attention to the 
problem of estimating the least number of edges an (m,n,r)-graph 


may contain. 


Rue 
E(m,n,r) = min{|F|:F is an (m,n,r)-graph} 
and 
Bin, pr) = ee ECU. s?)s 


Let E*(m,n,r) and E*(n,r) be similarly defined for linear (m,n,r) 


-graphs. 
Our first result is somewhat special. It is easy to see 
that 
Et gn-1.2,6) = ba 


and the result 
E(2n,n, 6) = E(2n-1,n, 3) 


is implicitly contained in a paper of Abbott and Hanson(LA8]). Erdos 
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(LE5]) raised the question of evaluating E(2n+1,n,3) and remarked 
that it does not seem easy to determine #(9,4,3). We shall prove 


the following result: 


Theorem 2.5.. 255H(9,4,3)=26. 


E(9,4,3)<27 and E(10,4,3)<26 are given in a table by 
Hanson((H3]) and £(11,4,3)<23 can be deduced from a result of Toft 


([T3]). The value of £(4,3) is not known. 


The next group of results are concerned with the behavior 
of E(m,3,3). First we mention the following result obtained recently 
by Seymour([S1]): 

C2 A) E(m,n, 3)2>m. 
Actually, Seymour proved that in any 3-critical hypergraph, not 
necessarily uniform, the number of edges is at least as large as 


the number of vertices. We shall prove 


Theorem 2.6. For m>5, 
E(mt3,3,3)<E(m,3,3)+3, 
and for m=7, m#8, 


E*(mt3,3,3)<E*(m,3,3)+3. 


When Theorem 2.6 is combined with (2.1), we get, for m22, 
on noting that EF (7,3, 3)=E*(7, 3, 3)=7, 


(Ca)! E(3m+1, 3, 3)=E*(3m+1, 3, 3)=3m+t1. 
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Theorem 2.6 and (2.2) may be used to improve Hanson's 


table of upper bounds for H(m,n,3) in several entries. 


Our remaining results are best formulated in terms of the 


numbers a(n,r) defined as follows: 


a(n, r)—iméinsnsy) 

mo 8 om 
provided the limit exists. Let a*(n,r) be defined similarly for 
linear graphs. 


That a(2,3) does not exist follows from the result on the 


odd circuits, again. For r=4¢, it is known that o(2,r) exists and 


a ae 
2 2(rt9) 


Lr 1 
= a(2,7) < Dts aie 


The lower bound is due to Gallai({Gl], [G2]) and the upper bound to 
Hajés({(H1!). It has been conjectured that the upper bound gives the 
correct value of a(2,r), but this has never been proved, even for 
r=4. That a(2,4) has not been evaluated is perhaps another 
indication that the ¢-critical 2-graphs may be very difficult to 


characterize in any simple way. 


Te follows from Theorem 2.6 and (2.1) that 
@(6, 0/50" (0, 0)=1. 


Our two additional results are: 


Theorem 2.7. For “zo and r2o, o(7,7) and d*(,r) exist ‘and are 


famarkes 
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Theorem 2.8. a*(n,r)>a(n,r)>min{1, (r-1)/n}. 


Theorem 2.8 will be proved by extending results of 
Seymour([S1]) and Dirac({[D2]). It is possible that Gallai's method 
may be used to improve the bound, but we have not looked into this. 
For n=2Z and r24, Theorem 2.8 is of course far weaker than the result 


of Gallai mentioned above. 


BOs Ramsey Numbers 


In this section, we consider another type of chromatic 
property of m-graphs, in which the objects being colored are the 
edges. There is, however, a relation between these edge-colorings 
and the vertex-colorings discussed in 82. This will be pointed 
Gwits ines 325 

Let r22 and Kasreeak 2n, Let F be a complete m-graph. 
We attempt to color the edges of F with r colors such that F 
does not contain a complete subgraph be de all edges of which are 
colored in the tth color, i<¢<r. If this is possible, we say that 
frecks (K55+++k,,)-colorable. 

Formally, a complete n-graph F is said to be 
(Kjs+++sk ,)-colorable if there exists a function ¢:F-{i,...r} 
such that for each 7, 1<i<r, all complete subgraphs Leaae of Ff 


contain at least one edge F for which $(F)#z. We call 96 a 


(Kja+++,k,,)-coloring © Lashes 
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One of the most important theorems in combinatorial 
mathematics is the theorem of Ramsey([R1]) which can be formulated 


AS hollows 


Ramsey's Theorem Let r22 and Kyoree Kk 22d. There exists a least 
integer R(Ray+++ 5K 3m) such that if F is a complete m-graph with 


JUF[>R(K,5... 5k $7) Jithen,F is not (K.,...,k. J/-colorable. 
r si r 


The proof of this theorem is readily available in the 
literature(see for example LR4]) and is omitted. 

By a (Koaeesok jn)-graph is meant a complete 
(K55-++5k,,)~colorable n-graph. A (Kos+++ 9k 3n)~graph F is maximal 
sine |UFI=R(k,,...,k 30). The numbers R(K55+++5k 30) are called the 
Ramsey numbers. 

A central problem has long been the evaluation or 
estimation of the Ramsey numbers. In particular, the case “=2 has 
been studied extensively by various authors(see [K1] and 
references given there). While several non-trivial Ramsey numbers 
for 2-graphs are known, and good bounds are available for several 
others, it is remarkable that not even one non-trivial Ramsey 


number is known for 7-graphs where n26. 
§3.1. Lower bounds for R(k,1;3) 


In this subsection, we consider the problem of determining 


lower bounds for the Ramsey numbers R(k,1;3). Since we are dealing 
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exculsively with 3-graphs, we shall suppress the parameter 3 in 
this subsection. 


Le as clear that 


R(k, LJ=R(L,K) 
and 
R(k, 3)=k-1. 
No non-trivial values of R(k,l) have been determined. Even the 


value of R(4,4) seems elusive. Here, it is known that 
(331) 12<k(4,4)<14. 


The upper bound is due to Giraud([G4]) and the lower bound to 
Isbel1([12]). Many other authors(see [K2] and references given 


there) have devoted considerable effort to the problem. 


The best known lower bound for R(k,k) is the following 


due to Erdds((E2]): 


2 
(a2) R(k, k)>cka!® gas 


The proof of (3.2) uses non-constructive probabilistic methods. 
Consequently, it is of some interest to obtain lower bounds for 
R(k,l) by means of explicit constructions, even though these bounds 
are weaker than the one given by (3.2). 

The following results have been obtained by constructive 


methods. Kalbfleisch proved in [K3] that 
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(253) R(k, tJ 2R(k, l-1)+R(k-1, Ll), 


from which it can be deduced that 
(3.4) R(k,k) sod Mk. 

Abbott and Williams([A12]) proved that 
(35) R(K, L)2=3R(k-1, t-1) 


and 


Lemma 3.1. For K,l,u,v2é, 


(3.6) R(ktu-2, ltv-2) 2R(k, L)R(u,v). 


Lemma 3.1 was obtained independently by Irving(LI1]). 


We shall prove two additional recurrence inequalities 


for ALK.) . 


Theorem, 3.2. For k,l,u,v26, KS’ 


kK-3 
(3.7) R(ktu-2,l+v-2) = ) Rtk-t,1+t)R(uti,v-t). 
1=0 
Theorem 3.3. For 4 and 25, 
(GRD) R(k, L) >R(k, L-2) BR(k-1, l-1). 


These results supercede (3.6) and (3.5). Taking Z=k+1 in 


(3.8), we get 
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R(k,R+1)2=R(K, kK-1)+3R(k-1,k)=4R(k-1,k), 


which leads to 
R(k, kK) >c4. 


This is an improvement over (3.4). 

Using (jel). (3.3), 3.) Gas) and: the pound A(4, 5) 222 
of Garcia(lG3]), one can obtain lower bounds for R(k,l) for various 
small values of k and 7 which are superior to those appearing in the 
literature(see for example [A12]). We shall list some of these 


values in Appendix 3 


° 


§3.2. Lower bounds for R(k:r;3) 


We shall also consider the problem of obtaining lower 

bounds for R(K9+++ 5k 53) for the special case where 

k=. + =k =k 
for some integer k, and we shall abbreviate (kK,...,k;n) to (k:r;n) 
in all «contexts. 

At this point, we exhibit the link between edge-colorings 
and vertex-colorings of n-graphs. Since we shall have occasion to 
refer to this connection later we call it a note. 

Note Let F be a complete ”-graph and let k2n. Let G be the * 
-graph with UG=F and G={G, :KcUF, |K|=k} where G ={FeF:FcK}. it is 


easily verified that F is (k:r)-colorable iff G is r-colorable, as 
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The best known lower bound for R(k:r35) is the following 


one, due independently to Abbott([A5]|) and Irving([11]): 


C359) R(k:r;3)>exp(exp(erloglog k)). 


The best known upper bound, on the other hand, is the following one 


due to Erdts and Rado([E9]): 


(310) R(k:r;3)<exp(exp(erklog r)). 


With regard to the gap between (3.9) and (3.10), we 
remark that it may not be easy to tighten in any significant 
manner the way in which the bounds depend upon r. The reason for 
this is that the upper bound given by (3.10) was obtained by 
Erdt§s and Rado by means of their so-called "ramification method". 
One of the features of this method is that any upper bound for 
R(K:r3;n-1) automatically yields an upper bound for R(k:rj;n). The 
bound given by (3.10) is obtained by their method from the 


following result of Skolem([S3]): 


(ser) R(k:r;2)<exp(erklog r), 


so that the term rlog r in (3.10) is inherited from (3.11). Now 
any improvement in (3.11) will effect a similar improvement in 
(3.10). However, there has been no significant improvement in (3.11) 
during the past forty years. 

However, the manner in which R(k:r;3) depends upon k may 


be sharpened considerably. Our main result is 
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Theorem 3.4. For r2¢ and for sufficiently large k, 


R(k:r;3)>exp(exp(erk)). 


Theorem 3.4 will in fact be proved by putting together, 
in the right way, a number of results which are already in the 


literature. 


84. Covering Numbers 


A subset A of the vertex set V of a 2-graph G is called 
a covering set of G if every vertex in V-A is adjacent to some 


vertex in A. 


This notion generalizes in a natural way to n-graphs. Let 


F be an m-graph and let V=VF. We say that a vertex veV covers an 
(n-1)-subset S of V if {v}uSeF. Let A,BcV. We say that A covers B 
if every Seaiea is covered by some veA. If A covers V-A, we Say 
that A is a covering set of F. The covering number @(F) of F is 
the minimal size of its covering sets. 

We remark that the terminology in the literature is not 
uniform. For example, Berge(LB1]) use’ absorption number and Liu 
(LL2]) uses dominance number, while Harary(lH4]) defines several 


types of covering numbers. 


We propose to study the behavior of 6(F). It is clear 


that @(F) will depend heavily on the structure of F, and in 
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particular on the degrees of its vertices and (n-1)-subsets of its 


vertex set. Our first main result is the following: 


Theorem 4.1. Let e denote the maximal degree of the vertices of an 
n-graph F on m vertices and let g denote the minimal degree of the 


(n-1)-subsets of VF. Let g>0. Then 


m-1 
m| 1+log|e+ ie 


(4.1) S96 Ge) = 


gtn-1 


Because of the many parameters involved, it may not be 
easy to see how the bounds for 8(F) given by (4.1) compare. It may 
therefore be worthwhile if we specialize (4.1) to the case n=2 and 


take, for definiteness, ee 


. Thus we are considering a class 
of 2-graphs which are nearly regular and in which the degree of 


each vertex is "moderately large" but not "too large". Theorem 4.1 


then shows that the covering number of any such graph F satisfies 
(452) (Teo (tlm aay sem? Leg Mm, 


so that the bounds differ by a factor of log m. 
Simple examples show that the lower bound for B(F) given 


by (4.1) cannot in general be improved. This is best seen by 


7. 


considering (4.2). If we take F to be the union of cee fi vertex 


BALE a eared ear 


disjoint copies of [Lm 
It is natural to ask, therefore, whether the upper bound 


given by (4.1) can be improved. Our second main result states that, 


in effect, no essential improvement is possible in the cases n=2,3, 
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in the sense that there exist graphs F whose covering number 8(F) 
differs from the upper bound in (4.1) only by a constant factor. 
In particular, for the class of 2-graphs described in the paragraph 
following Theorem 4.1, it will follow from our results that for a 
large number of these graphs one has a(n eiloe m. 

For 224, we are unable to show that the upper bound given 
by (4.1) is best possible. However, we shall give some limitations 


as to what improvements may be achieved. 


We shall prove, by probabilistic methods, the existence 
of a class of regular m-graphs on m vertices having the properties 
listed in the theorems below. We call these graphs Lm,n,pj-graphs. 
We do not specify p at present, but merely mention that it will be 
interpreted as a probability. The precise conditions which p has 
to satisfy will be specified in Chapter Four. In the following 


theorems, "almost all" means that the probability of the event in 


question tends to 7 as m tends to infinity. "With positive probability 


will mean that the probability of the event in question remains 


bounded away from 0 as m tends to infinity. 


Theorem 4.2. For each n>2 and every 6>0, the degree d of almost all 
[m,n,pl-graphs satisfies 


(1-8) ret |psdet46) 


m-1 
n-1 ie 


Theorem 4.3. For each n>2, the covering number of almost all [m,n,p | 


-graphs F satisfies 
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B(F) > (elog m)/p. 


Theorem 4.4. The covering number of almost all Lm,2,p |~graphs 


satisfies 


Che: 3) (e,log m)/p < B(F) < (eolog m)/p. 


We remark that the lower bound given by (4.3) together 
with the as yet unspecified conditions on p, coincides, in order of 
magnitude, with the upper bound afforded by (4.1). This shows that 
the upper bound given by (4.1) cannot be improved in the case of 


2-graphs. 


For n=35, the situation is not quite as satisfactory in 
the sense that we must replace "almost all" by "with positive 


probability 's 


Theorem 4.5. With positive probability the degree d of each 
2-subset of the vertex set of an [m,3,pl]-graph satisfies, for 
every 6>0, 


d > (1-6)mp. 
Theorem 4.6. With positive probability, the covering number of an 
[m,3,p]-graph F satisfies 


(c,log m)/p < B(F) < (eglog m)/p. 


A remark similar to the one made after the statement of 
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Theorem 4.4 may be made here, so that for m=3, the upper bound 


for B(F) afforded by (4.1) cannot he improved. 


For n24, our methods break down. The difficulty seems to 
lie in obtaining a suitable extension of Theorem 4.5; that is, 
obtaining information concerning the degree of the (n-1)-subsets 
of the vertex set. We shall make a few more remarks about this 
after the proof of Theorem 4.5 has been given. In any case, a 
limitation as to how large an improvement one may hope to attain 
is provided by Theorem 4.3. (In terms of p, the lower bound for 


B(F) provided by (4.1) is of the order of magnitude c/p.) 


We remark also that the definition of covering number 
we have used is not the only possible one. One may for example 
say that a vertex covers another if both belong to the same edge, 
and a subset of the vertices is a covering set if every other 
vertex is covered by some vertex in the set. This coincides with 
our definition in the case n=2. For this problem we can prove an 
analogue of Theorem 4.1, and show by probabilistic methods that 
the upper bound for the covering number thus obtained cannot be 
improved in the case where n is even. Curiously, we cannot do this 
if m is odd, although there is no reason to believe that the 


result fails to hold in this case. 
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The final aspect of hypergraph theory which we shall 
consider in this thesis is a modification of the notion of chromatic 
number. To motivate the idea, consider the following classical 
theorem of van der Waerden(LW1]; see also [L1]) in combinatorial 


number theory: 


Van der Waerden's Theorem Given integers r and 7, there corresponds 
a least integer W=W(r,2l) such that if {1,...,W} is partitioned in 
any manner into r sets, at least one of the sets contains an 


arithmetic progression of length 27. 


A moment's reflection shows that van der Waerden's 
theorem is equivalent to the following: There exists a least 
integer W such that if G is the hypergraph with vertex set 
{1,...,W} and edge set consisting of the l-subsets whose elements 
form an arithmetic progression, then the chromatic number of G 
is at least r+#i. In fact, many classical theorems in combinatorial 
mathematics can be described in terms of chromatic numbers of 
hypergraphs(see [C11 and [H2] for a discussion of this). 

Erdos({F101) has asked whether some new light may be shed 
on van der Waerden's theorem by considering the following problem: 
Let 0<d<1 and let W=W(i,r,l) be the least integer such that if 
{1,...,W} is partitioned into r sets in an arbitrary manner, then 


there is an arithmetic progression of length 7, at least il terms 
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of which belong to the same set. What can be said about W(A,r,Ll)? 
(LF10| appeared in 1973; the question was raised by Erd&és in 1963, 
but the relevant paper is written in Hungarian, so we give the 
later reference.) 

One could ask similar questions about other classical 
combinatorial problems. The most success in this connection has 
been achieved with the appropriately modified Ramsey problem(see 
[E11] for a statement of some of the results and further references 


to the literature). 


This brings us then to the following definition: Let 
n2s22 and r21. An n-graph F will be said to have property B(r,s) 
if there exists a subset ScUF and a function $:S>{1,...,r} such 
that for each 7, and each FeF, | !(¢)nF|se-7 and for each F, 
|SnF| 27. 

Less formally, the m-graph fF has property B(r,s) if it 
is possible to color some, but not necessarily all, of the vertices 
of F in r colors so that every edge has at least one colored vertex 
and no edge has more than s-7 of its vertices the same color. If 
S=UF and n=s, we have the definition of r-colorable as given in §2. 

Denote by B(n,r,s) the least number of edges in an 
n-graph without property B(r,s). Evaluating B(n,r,s), even for 
small values of the arguments, seems to be quite difficult. In our 
work we shall concentrate in only one aspect of the problem. We 
shall investigate the behavior of the function as 7” and s tends to 


infinity in such a way that the ratio n/s tends to some fixed 
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number A4>J. (This in the case of the van der Waerden problem is the 
question raised by Erdds. Unfortunately our results do not yield 


any new insight in this direction.) Our main result is: 


Theorem 5.1. If 2,28, and 29285, then 


n 
Bing, 2 e4e9) = B(m7,7,8))8 (ho .ess5) +. 


This theorem gives some insight as to the behavior of 
B(n,r,s) in the case where ” and s tend to infinity in such a way 
that their ratio is essentially fixed. In the case r=] we can make 
this a little more precise. We shall prove: 
Theorem 5.2. Let A>1 and let n=(Ato(1))s. Then Sy mae 


exists. 


Note Theorem 5.2 is to be understood in the following sense. There 
exists a number Ly, depending only on i, such that the following 


ad 
holds: Let e>0. Let este 


=9 be a sequence of positive numbers 


converging monotonically to 0. Then there exists a number 
8)=81(Q,e) such that if s2s, and A-6 Jssns(ats Js, then 


(L,-e)° < B(n,v,s) < (Lyte). 


We shall also consider the problem of determining 


B(n,1,3), which we abbreviate to B(n). Abbott(LA1]) proved that 


B(én) = B(4n) = 7. 
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but was not able to evaluate B(n) for any other values of n. We are 


not able to do this either, but we prove: 


Theorem 5.3. For n#0(mod 3 or 4) and 45,11, 


OU) eee. 
Furthermore, 

Oe BCS) 7 
and 

Cues B ld) 0% 


26 


aad betishe » Ph 
are 
: Batis 


CHAPTER TWO 


CHROMATIC NUMBERS 


81. The Existence Problem 


In this section, we present the proofs of the results 
stated in §2.1 of Chapter One. The proof of Theorem 2.1 is long and 
complicated. We try to simplify matters by splitting it up into 
several parts, by means of lemmas. Our first step is to extend 


Abbott's proof([A2]) of the existence of linear (m,n,3)-graphs. 


Lemma 2.9. For n23 and 23, a linear (m,n,r)-graph exists for 


some integer m. 


Proof: Let F be a complete (n-1)-graph with |UF|>R(n:r-1;n-1). 
Let G be the n-graph with UG=F, that is, the vertices of G are the 
edges of F, and G={G, :KcUF, |K|=} where Ceiba: Fer). It is easy 
to see that Gis linear. By the Note on page 16, F is (n:r-1) 
-colorable iff G is (r-1)-colorable. By Ramsey's Theorem, F is not 
(n:r-1)-colorable. Hence G is not (r-1)-colorable. It follows that 
G contains a linear (m,n,r)-graph as a subgraph for some integer m. 


This completes the proof.|[] 
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The second lemma also generalizes a result of Abbott({[A7]). 


Lemma 2.10. Let n>2 and r>2. Let 2 be an integer such that a 
linear (l,n,r)-graph G exists. For Isi<l, let m. be an integer such 
that a linear (m, 5”, r+1)-graph F exists. Then there exists a 
linear (m,n,r+1)-graph where m=14+m +. ..tmMy« 
Proof: Let UG={a,,.-.,a7}. Let V=UF and let the V's be pairwise 
disjoint. Let Fy be a fixed edge of F, and v, a fixed vertex of Fy. 
Let v be a vertex such that v is not in any of the V's. Let 
K = (F,-{v, })utv}. 

Let F be the m-graph consisting of all the edges of Fes 
Havel with F. replaced by Kes together with the edges of G with a, 
replaced by Vz» So that F contains a subgraph isomorphic to G. It 
is easily verified that F is linear and that |UF|=m. We need show 


that F is (r+1)-critical. We do this in three steps. 


Step 1. fF is (r+i)-—colorable 


Since F is (r#1)-critical, pee, is r-colorable. We 
may choose an r-coloring v, such that VV )=be(a;)> where 6 is 
an y-coloring of G. Define $:UF>{1,...,r+#1} by: 

Wy, Gx) Af xeV , 
6 (x)= 
rt1 if X=vV. 


Clearly, » is an (r+#1)-coloring of F. 
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Step 2. F is not r-colorable 

Suppose F has an r-coloring y. Then y is also an r-color- 
ing of F-{F J for each 1, 1<t<l. Clearly we must have viv) AV). 
Thus ~ is an (r-1)-coloring of the n-graph obtained from G by 


replacing a, by Vie This is a contradiction since G is y-chromatic. 


Step 3. All subgraphs of F are r-colorable 


We need only consider the subgraphs of the form F-{F} 
for FeF. We consider two cases: 


(1) F={v. powhere Gelaocp. cbya. JeG 


Tekan 3 
i l Z is 
Since G is r-critical, G-{G} has an (r-1)-coloring yp’. 
= s ee = Y * 
Let Wy be an r-coloring of Fe {F.} such that v, (v5) Ww (a,). Define 
wiUFo{7,...,r} by: 
W, Gx) ae xeV 
p (x)= 
Yr if x=v. 


It is easily verified that y is an r-coloring of F-{F}. 


(it) Wek or Per —-{F.} for some 7, 18757 
Srerrerate: |i oam pacer’ memes) 


Since G is r-critical, G has an r-coloring ¢ such that 
wy 3 ~ i £. fF. Ff, 
$6 (a )#o6 (x) for any xe G, x7 as Let jp, be an r-coloring o Fe { i 
j= ors i : BA by: 
such that vv) 9 (a;) Define w:UF>{7, r} by 
p, OO) AE xeV 
pix)= 
g(a, Lf xv. 


It is easily verified that » is an r-coloring of F-{F}.0 
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Lemma 2.11 Let 23 and let k=2 or 3. Let Z be an integer for which 
there exists a linear (1,k,3)-graph G which is regular of degree k. 
For =1,.0. 500. ek m be an integer for which a linear (m,n, 3) 
-graph F exists. Then there exists a linear (m,n,3)-graph where 
mam +. : pS 

Proot: Let UG={a,,--.,a,}- We note first that the number of 


edges of G is 2 and that one may label the edges G ++9G1 So that 


2° 
aren: (This is obvious in the case k=2 since then G is an odd 
circuit. In the case k=3, we note that if t denotes the number of 
edges of G, then since each vertex appears in 3 edges and since 
each edge contains 3 vertices, we must have 3t=3l and hence t=l. 
To see that one may label the edges as indicated above, one may 
appeal to Hall's theorem(see for example [R4]) on systems of 
distinct representatives, it being easy to check that the conditions 
of Hall's theorem are satisfied in this case.) 
Let Lett be an ZxZ matrix, whose entries are ordered 
pairs of integers, defined as follow: 
(ans ak a,eG 
tig 
60,0) otherwise- 
Call (0,0) a zero element and the other entries non-zero elements. 
Let V ;=UF and let the V's be pairwise disjoint. Let F. 
be a fixed edge of Fe and let H, be a fixed (k-1)-subset of Fee 


Let Ce be a mapping from F. into the 7th row of 0 which maps F-H, 


onto the diagonal element and maps H, one-one onto the other non- 
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zero elements of the two. The mappings Ce induce a mapping ¢ from 
FiU...UF, onto the non-zero elements of 0. Let 


K ={xeF Us. UF, 20 (x) isin’ the 7th ‘column=of O}% 


1 
Clearly each \ is an n-set. 

Let F be the n-graph consisting of all the edges of F 
with F replaced by Kee It is easily verified that F is linear and 


that |UF|=m. We need show that F is 3-critical. We do this in three 


steps. 


Step 1. F is 3-colorable 
Since i is 3-critical, seed has a 2-coloring Ve 
Defined ,:UF.>{1, 2,3} by: 
Ww, Cx) of xl. 
o (x)= 
o sae SAE lBhing 
ws 


Clearly the mappings o, induce a 3-coloring of F. 


Step 2. F is not 2-colorable 
Suppose F has a 2-coloring »~. Then wy is also a 2-coloring 
of F otk}. Since re Vs O-chitical. |v) [=2. Define »’:UG>{1, 2} by: 
py! ga.) 
for 1<j<i. Since G is 8-chromatic, there exists G,<G such that 
|v" (G,) [=2. It follows that |v.) |=2. This is a contradiction. 


Step 3. All subgraphs of F are 2-colorable 


We need only consider the subgraphs of the form F-{F} for 
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FeF. We consider two cases: 


(i) F=K, for somest; ists 

Since G is 3-critical, G-{G,} has a 2-coloring y'. Let 
ve be a 2-coloring of F-{F J such that v,(FJ=' (a,)- Clearly 
the mappings W, induce a 2-coloring of F-{F}. 
(ii) FeF -{F }.for-some.¢, 1<tsl 

We have a 2-coloring Ve of scat We treat separately 


the cases K=2 and k=3. 


(ajak=2 Inethisscase, H,={b} for some b. We have a 2-coloring y~' of 


Ce) such that y'(G,)=v,(b), and a 2-coloring Ve of ee el De ae 
such that v, (CF =p! (a). Clearly the mappings Vv, induce a 
2-coloring of F-{F}. 

(b). .k=3 In. this case, H={b,c} for some b and c. If v,.(b)=, Cc), 
the argument is exactly the same as in case (a). If Vv. (dA, Ce), 


we may assume that w w, (x or some xeF,-H Let gc elong 
h pO) #0, (x) £ F (c) bel 


la 
to the Ath column of 0. Then the argument of case (a) applies with 


Gy replaced by G, Ll 


We need one additional result in number theory which is 
perhaps well-known. However, we cannot find a reference to it, so 


we sketch its proof. 


Lemma 2.12. Let S be a set of integers such that S contains qa and 
at1 for some integer a, and for some integer k>2, a,t...ta,eS 
whenever Aqar+ +s, €8. Then S contains all integers greater than 


or equal to (ak-atl)a. 
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Proof: Let 7 be an integer and let S. denote the set of integers 
t satisfying (tk-t+1)a<t<(tk-i+1) (a+1). Using a simple induction 


#9 


argument, it can be shown that S cS for all 720 and that S98 544 


for t2a. The result follows immediately.{] 
We now prove our main result. 


Theorem 2.1. For n25 and r23, there exists a least integer M*(n,r) 


such that for m2M*(n,r), a linear (m,n,r)-graph exists. 


Eroor $ We use induction on r. We first establish the existence 
of M*(n,3) for fixed n. Let S be the set of integers m for which 
linear (m,n,3)-graphs exist. We need show that S contains all 
sufficiently large integers. We consider two cases: 

(i) n is odd By Lemma 2.9, there exists an integer meS. Now an odd 
circuit of length n is a regular linear (n,2,3)-graph of degree 2. 
By Lemma 2.11, a 


t...¢a,€8 Lia “90 €S. Thus mmeS. Also we may 


7 pr 


consider a single n-set as a linear (n,n,2)-graph. It follows from 
the argument of Lemma 2.10 that we have mnticeS. By Lemma 2.12, S 
contains all sufficiently large integers. 

(ii) nis even By Lemma 2.9, there exists an integer meS. It is not 
difficult to verify that Example 4 in Appendix 1 is a regular 
linear (22,3,3)-graph of degree 5. By Lemma 2.11, a,+...+td55¢5 if 


a S. Thus 22meS. In Lemma 2.10, take m=cam and m =m for 


port 2 Fov€ 


t>1. It follows that m(n+21)+1eS. Now an odd circuit of length 


214+n is a regular linear (21+n,2,3)-graph of degree 2. By Lemma 2.11, 
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m(n+21)eS. By Lemma 2.12, S contains all sufficiently large 


integers. 


Suppose r=3 and that M*(n,r)exists. By Lemma 2.9, there 
is an integer mp for which there exists a linear (Moss r+1)-graph. 
By Lemma 2.10, there exists a linear (mjM*(n,r)+1,n,r+1)-graph. Let 


(1) m 


IV 


mo (mp+1)M*(n,r) 
and write 


(2) m 


qmptb, Is<bsm . 
From (1) and (2), it follows easily that 


(3) > moM*(n,r). 


Q 
V 


Let 


(4) ie 


q-(b-1)M* (n,r) 

So that by (8)" and (4); 

(5) 2 MA(n am). 

By the induction hypothesis, (5) and the fact that b>1, there exists 


a linear (t+b-1,n,r)-graph. In Lemma 2.10, take 


Mes 2 6 =I (=o 
(6) i t 


m =m M*(n,r)+1. 


OP as 
Now by (2), (4) and (6), 
Tem t..-4M, 4 =} ffl 


so that, by Lemma 2.10, a linear. (m,n,r+i)-graph exists. This 


completes the proof.|[] 
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Corollary Let W(n,r) denote the least integer m for which a linear 
(m,n,r)-graph exists. Then 
Mtn, pri = Win rst tC Win al) t 1 MO, 


Proof: Take mp=W(n,r) in the above argument.[] 


Theorem 2.2. M*(3,3)=9. 


Proof: It is not difficult to verify that linear (8,3,3)-graphs 
do not exist. It is easy to see that Examples 1, 2 and 3 in 
Appendix 1 are respectively a linear (7,3,3)-graph, a linear 
(9,3,3)-graph and a linear (11,3,3)-graph. The result will follow 
if we can show that a linear (m+3,3,3)-graph exists whenever a 
linear (m,3,3)-graph exists. 

Let G be a linear (m,3,3)-graph and let {v,,vo,v3} be a 
fixed edge of G. Let F be the 3-graph obtained from G by replacing 
{V1,V9,v3} by {v},V5,a3}, {v],Aa0,V3}, {a],V2,v3} and {a),a,,a3}, 
where a),a5,a3¢ G. It is easy to verify that F is linear and that 
|UF|=m+3. We need show that F is 3-critical. We do this in three 


steps. 


Step 1. F is 3-colorable 
Let $¢ be a 3-coloring of G. Define ¢:UF>{1,2,3} by: 


Tehe.s) if xeG 
o(x)= 
bo(v,) if x-a,, I<t<3. 


Clearly ¢ is a 3-coloring of F. 
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Step 2. F is not 2-colorable 

Suppose F has a 2-coloring ». Then y is also a2-coloring 
of G-{v,,v2,v3}. Since G is 3-critical, we must have say 
(vy )=(v2)=(v3)=1. In order that the edge {a,,a7,a3}be not 
monochromatic, we have say w(a,)=J. Then the edge {a,,v7,v3} is 


monochromatic. This is a contradiction. 


Step 3. All subgraphs of F are 2-colorable 
We need only consider the subgraphs of the form F-{F} for 
FeF. We consider three cases: 
(i) F={a),a9,a3} 
since G is $-critical, G-{{v,,v5,v3}} Has a 2-coloring 
w' such that w'(v,)=0'(v2)=0'(v3)=1, say. Define y:\JF>{1,2} by: 
wb" (x) if xeVG 
p(x)= 
a if x=a,, &@> OF a3. 
It is easily verified that » is a 2-coloring of F-{F}. 
(ii) F={v),v>,a3} or {v},a9,v3} or {a),Vo,V3} 
We may assume that F={v),v5,a3}. Let y' be a 2-coloring 
OL U-NlvisVo.V¥a)) such that b' (v))=0' W.)=v'(v3)=1, say. Define 


w:UF+{1, 2} by: 


wp’ (x) if xeJG 
W(x)=} 2 if x=a)] or a» 
i ibie X=a 3° 


It is easily verified that » is a 2-coloring of F-{F}. 
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Let p' be a 2-coloring of G-{F}. Define y:\|F>{1,2} by: 
wi (x) if xe\JG 
b(x)= 


v'(,) if xa,, 1st <3 


It is easily verified that y is a 2-coloring of F-{F}.0 


It is easy to show that (m,3,3)-graphs do not exist for 


ms6. The existence problem in the case n=r=3 is thus solved 


completely: There exists a linear (m,3,3)-graph only when m=7 or 


m>9. 


and 


We now indicate how the bounds 


IA 


M*(3,4) < 8928 


A 


M*(4,3) < 62835 


are obtained. 


Example 7 
W(n,r) is 


corollary 


It has been shown by Rosa([R3]) that the 3-graph of 
in Appendix 1 is 4-chromatic. Thus W(3,4)<31, where 
defined in the corollary to Theorem 2.1. By this 
and Theorem 2.2, we have 

M*(3,4) < 31(3141)M*(3,3) = 8928. 


We have verified that the 4-graphs of Examples 5 and 6 in 


Appendix 1 contain respectively a linear (25,4,3)-graph and a linear 


(28,4,3)-graph. A brief indication as to how this was done is given 


in Appendix 2. 
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Let S be the set of integers m for which linear (m, 4,3) 
-graphs exist. We have 25,28e€S. By Lemmas 2.10 and 2.11, we have 
25425425 4254254+25428 = 178€S 
and 
(2542542542541) 42542542541 = 177€S. 
By Lemma 2.11, we have a)+a2ta3eS whenever aj,Q2,a3€S. By Lemma 
2.12, we have 


MAC AS) SI GUL AA itl) Le OO 2685. 


§2. The Enumeration Problem 


In this section, we present the proofs of the results 
stated in §2.2 of Chapter One via several lemmas. 

The first lemma is due to Dirac([D1]) for the case n=2, 
and) tov tore (| 13)). far the case m25. (Actually .Tott's proof vis 
given for hypergraphs in general.) We shall omit the proof of 


this lemma. 


Lemma 2.13. Let G be an r-critical n-graph, and let E be a set of 


y-2 edges of G. Then G-E is connected. 


We need some further terminology. An n-graph F is said 


to have property | if there exist FeF and veF such that if for any 


F'eF, F-{F,F'} is decomposed into two components Fy and Fo with 


say veVF,, then | (UF) nF|22. We shall then call F a T edge and v 
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a T vertex. 


The second lemma establishes a connectivity property of 
the raph, constructed in Lemma 2.117, in the case kK=2. We first of 
all give a less formal description of these graphs. For k=2, we have 
l=2qt+1 for some positive integer g, and we may take 

CIN 15 ete tity Ce ote eed sO tel icged salons 
Moreover, H, is a singleton set and may therefore be identified 
with its only vertex, say Vii Furthermore, it is readily seen that 


K. is obtained from F, by replacing v; by Vie forw=2 56 cote 


vl 


and K, is obtained from F, by replacing v 


1 1 by v 


fl one 


We remark that since for n23, every 3-critical n-graph 
has at least one vertex of degree at least 3, we may assume that 
F. and v, are chosen so that Us has degree at least 3. We shall 
also suppose that at least one of the Fe has property T, choosing 
a T edge as F. and a T vertex as Vi° We remark that a T vertex 
also has degree at least 3. Finally, we suppose that the vertex 
sets of the graphs F are as nearly equal as possible; that is, for 
some M, | F. |= or Mtl. 

Lemma 2.14. Let F be the n-graph constructed via Lemma 2.11 and 
satisfying the added conditions given in the preceding paragraph. 
Let E be a set of 2q+1 edges of F and suppose that F-E consists of 
2q+1 components each of whose vertex sets is of size M or M#l. 


Then E={K,-- i 


Noa ad 
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Proor : Let Fa=(F-{F})u{K, } for 1<t<2q+1. Suppose | EnF4|=0 for 
some j. Be is connected by Lemma 2.13 and we have aye as Now all 
edges in Pad containing es must be removed or we shall have a 
component of F-E of size at least M#2, a contradiction. By our 


assumption, Ny is of degree at least 2 in re However, if 


ik 
JEnF4 ,|22, it follows from a simple argument that |E|>2q+1, which 
is impossible. Hence we may conclude that oie: Now aa 
disregarding the isolated vertex ae must be connected, as other- 
wise F-E will have a component with less than M vertices, a 
contradiction. However, to avoid having a component with more than 
M+2 vertices, we must have JEnF4 ,|22 as before, which in turn 
implies that |E|>2qg+1. It follows that | EnF#| 40 for alli, and thus 
fen \=a for all 2. 

Let t be such that FY has property T. Suppose 


EnFe = {F} # {KI}. 


Consider Bre a If it is decomposed into two components F, and Fo 


with say v UF, then | (UF) )oF, |22. On the other hand, by Lemma 
Delon ane Fy) oF #0. Since KE, Fae is connected and F-E& will have a 
component of size at least M+#2. The same conclusion can be drawn if 
FY {P, F} is connected. Hence we must have K,cE. 

Suppose there exists j such that Se and Kyte: Then 
F4-{K .}=F .-{F.} is connected by Lemma 2.13. Since kK. as PoGshas a 
Jd J J J Jt 
component of size at least M+2. The only possibility left is 


bear k, } 


pr Keag7 


as required.f{] 
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Next we need a simple number theoretic result. 


Lemma 2.15. Let M be a positive integer. Then every sufficiently 
large integer m can be written in the form 
(7) m = M(q-a)+(M+1) (qtat1) 


for some positive integer g and some a, 0sa<2M+1. 


Froor. Let m28M+2. Then there is a unique positive integer q 
such that 

Mq+(M+1) (qt1) < m < M(q+1)+(M+1) (qt2). 
Thus 

m = Mq+(M+1) (q+1)+a = M(q-a)+(M+1) (qtat1) 


where 0<asM(qt1)+(M+1) (qt+2)-Mg- (M+1) (q+1)=2M+1.0 


The final lemma in this sequence is only one step away 


from our main results. 


Lemma 2.16. Let n23 and r23. Suppose there exists an integer M_ such 
that there exist an (M,n,3)-graph and an (M+1,n,5)-graph one of 
which has property T. Then there exists a constant c>1, depending on 
n and r, such that 

S(m,n,P) => oe" 
for sufficiently large m. An analogous result holds for linear 


n-graphs. 


Proof: We use induction on vr. Consider first the case r=. 
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Consider first the case r=3. In Lemma 2.15, take M be as given in 
the Theorem. Suppose that m, as given by (7), is so large that 
q>éM+1 and hence that q-a is positive. Let A be a (q-a)~subset of 
1l,se 532971}. "in Lemma 2.115 take k=2, l=2q71, 

Gee A125 ey aie i tdlongabo hoe .eglsieOrig ly). 
m =M for teA and m ,=M+1 for ~¢A. Note that mit. ..tM4=m. Let p 6A) be 


the (m,n,3)-graph constructed via Lemma 2.11. Let A' be another 


' 
oe) be constructed 
p 6A) and p 6A ) 


(q-d)-subset of {1,...,2971} and let F 


similarly. We suppose further that satisfy the 


added conditions given in the paragraph preceding Lemma 2.14. 
! 
Suppose pA) and pu ) are isomorphic, and let 6 denote 
an isomorphism between them. Again using the same notation as in 


Lemma 2.11, let hy and Ge 1sjs<2qt1, denote the special edges of 
' 
¢ (A) ¢ (A ss p 6A) 


and 


If we remove all of the edges < from we 


get a graph with 2q+1 components, q-a of which have M vertices 


and gqtat+1 of which have M1 vertices. Thus, removing the edges 


' 
ae) from ae ) has the same effect. However, by Lemma 2.14, the 


only way this can be achieved is by deleting the edges Ke Thus 
6 must map the edges S onto the edges iG in some order. We may 
assume that for some t, 6(K,)=K,. By removing Ky and Key from 
e(A) 


, we obtain two components one of which is of size M or M+l 


and containing exactly one vertex in K,. Now, removing Kh and 


ie 
6(K,_ 5) has the same effect. Thus we must have 6(K,_ =Ki_7- 


Repeating this argument, we conclude that there is a cyclic 


permutation of (1,...,2g+1) which maps A onto A'. It follows that 
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In view of (7) and the fact that M is fixed, we get 
S(mn,3) > oe 


for some e>1. This completes the argument for the case r=3. 


Let M be an integer such that an (M,n,r+1)-graph and an 
(M+1,n,r+1)-graph exist. Let d denote the maximum degree of the 
vertices of either graph. Let 2 max{2d,M(n,r)}. Let H be an 
(M',n,r+1)-graph(M'=1M+1) constructed according to Lemma 2.10 from 
lL copies of the (M,n,r+1)-graph. Let H' be similarly constructed 
with one copy of the (M,n,r+1)-graph replaced by the (M+1,n,r+1)- 
graph, whereby |UH'|=”'+1. Henceforth M' is fixed. 

Let t>M' be such that for some c>1 and all m2=t, 

(8) S(, 7,2) 2 bie 

Henceforth t is fixed. Let m2M'(t+1) and write 

(9) m-1 = L'M'+b 1<b<M'. 

Note that Z2’>t. Let F be an (m,n,r+1)-graph constructed according 
to Lemma 2.10 from Z'-b copies of H and b copies of H'. Let G be 
the (l',n,r)-graph used as the "model" in the construction. Let F' 
be similarly constructed using another (2',n,r)-graph G'. 

Suppose F and F' are isomorphic, and let 8 denote an 
isomorphism between them. Let v denote the "new" vertex used to 


construct F and v Var denote the "new' vertices used to 


pe’ 


construct the graphs which are put together to form F. Let v', Vos 


seesVay have analogous meaning when applied to F'. Now v is the only 
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vertex of F which is contained in Zl’ edges whose pairwise 
intersection is {v}. Similarly v' is the only vertex of F' with 
the same property. Hence we must have 6(v)=v'. By similar 
considerations, the vertices VoreeeoVay are images of VaseeeoVar 
in some order. 

It follows that non-isomorphic (2',n,r)~graphs lead to 


non-isomorphic (m,n,r+1)-graphs. By (8) and (9), we have 


[/ 
OM Ns otly 2 o( n,n) a > ene 
keeping in mind that M' is fixed. An analogous argument can be 


given for the linear graphs.[J 


We are now in a position to prove Theorem 2.3 and 


Theorem 2.4. 


Theorem 2.3. For n23 and r23, there exists a constant ec>l, 
depending on ” and r, such that 
S(m,n,r) > o” 


for sufficiently large m. 


Proof: The complete ”-graph on 2n-1 vertices is clearly 
3-critical and has property T, and(2n,n,3)-graphs exist. Hence 


the Theorem follows from Lemma 2.16.[J 


We do not give all the details in the proof of Theorem 


2.4. 


7 yo - ; “ 
oS - eins ‘" hie sl: : rs ne Los 
dutw °3 We Mipee tl ait ”% po ba im’ 

me ; 
tint Vo » ane shaken sal sail “e 7 oes 3 


te Bived? ets & bay g's eaeY aie nt 1 <éjtacaial 
‘ 


Hae iia 


‘ 4 : : i 
y : . 7 eee 6 | z 
: - "s : delet ade 
7 ; : —— : 
{ ie rt i” b," ’ stdemmecdés- aun J ‘Ad tiges Lo Si 
ei 
) ‘ it rg=( Os TT « | 7 ny rite “00 
Oe ~ ; 
- * 7 
’ i uly 6 ; J 
. _s* 7 ay A @ 
; i 
o til edaye street A, AR -* » ef ia 4 
. 
7% j 
7 
7 ¢« al war wre 
bef Sees 
) 
»! a] tu ' 
le 
‘ (i glsqorn® 
: 7 : 
“° dalaies ap 
on 
] o] Tx 
7 _ I 
ian fee o) a. 7 
Yites.s OF fs if Le ee igh arity ol CF 
¥ 


f in- > fgets Pad vas one ‘ 
: oe \ peal 
ae 


45 


Theorem 2.4. For n=3 or 4 and r23, there exists a constant c>l, 
depending on ” and Yr, such that 
m 
Oo (i. 7.2) 2.2 


for sufficiently large m. 


Proots The (9,3,3)-graph of Example 2 in Appendix 1 has 

property T, and (10,3,3)-graphs exist. By Lemma 2.16, the Theorem 
holds for n=3. The 4-graph of Example 5 in Appendix 1 is actually 
é-critical and has property T. From this graph, a (177,4,3)-graph 
with property T can be constructed. Since (178,4,3)-graphs exist, 


Lemma 2.16 yields the result for n=4.[] 


§3. An Extremal Problem 


In this section, we present the proofs of the results 
stated in 82.3 of Chapter One. We recall that E(m,n,r) is the 
minimal size of (m,n,r)-graphs. 

Before we prove Theorem 2.5, we need a definition and 
an auxiliary lemma. 

By ee is meant the 2-graph on ee vertices constructed 
as follows: es is the collection of n-subsets of {1,...,2n+1} and 
Ww VaR v'=@¢}. Recall thatB(F ) is the covering number of ae 


defined in 84 of Chapter One. 
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Lemma 2.17. For n2>2, 


IPretoxoes 


E(2nt1,n,3) 2 B(F_). 


Let F be any (2n+1,n,3)-graph with UF={1,..., ntl}. 


Suppose |F[<B(F_). By the definition of iis F has an n-subset F 


which is not an edge of F and not disjoint from any edge of F. 


Define w:UF+{1,2} by 


Clearly w 


7 if xeF 
V(x)= 


2 Woe steel 
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Theorem 2.5. 


Pr eloyoyie 


Example § 


show that 


and Fy is 


It is not difficult, by considering Fas to show that 

in Appendix 1 is a (9,4,3)-graph. Hence £(9,4,3)<26. 

By Lemma 2.17, we have E(9,4,3)26(F ,). Thus we need 

B(F ,)225. We assume that this is false. 

Let Fub@sagcovering.set for Fy with |F|<22. Since 
[UF ,| = " =Ri2e 


a regular 2-graph of degree 5, F contains at least one 


vertex which is not connected to any other vertices in F. We may 


assume that this vertex is <1,2,3,4>. 


Let A=t1,2,354¢iqand.B={ 5,6, 7,05;9)4 A vertex <t,,¢5,¢3;¢1,> 


of Fy is said to be of type T,T»T3T, where T,<{A,B}, if t,eT, for 


1aped. 
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Bet Vil, PVo's ‘Vas. Vi, and Ve denote the sets of vertices of 
types AAAA, BBBB, AAAB, ABBB and AABB respectively. For 1<i<5, let 
k =|V,|. fe sisveasily verified that ky=2, Ko=5, Ko=20, Ky,=¢0 and 


ks=60. 


Now the yertex <]/,2,3,¢> covers all 5 vertices in V>. Each 


vertex in Vj covers the vertex <1,2,3,4> and ¢ vertices in V3. Each 
vertex ineVs (covers |i vertexein V5i‘and,2 inwWgh Bachevertex iniV, 
covers 2 vertices in V3 and 3 in V5. Each vertex in Vs covers 2 
vertices ain Visand *dvothers tin Vc. 
for da7=<5,0 let h =|Fov.,|. By our assumption, h,=1 and 

hyo=0. Let hy be chosen. In order to account for all vertices in V3, 
we must have 

h3 = 20-2hy. 
in order to account for all vertices in Vc, we must have 

4h = 60-dhy,. 


Now, 


NG) 
do 
IV 
Hy 
I] 


hythoth3thyths 


IV 


1+(20-2hy,) thy+(60-3hy)/4, 
from which it follows that h,2>8. 

For hy=8, we have h324 and hs>9. Since De =| Wiles we must 
have h3=4 and hs=9. However, routine verification shows that such a 
covering set F does not exist. For hy=9, we have h322 and hs=9 with 
22>|F|. It is easily verified that not all vertices in Vy, can be 


accounted for. The argument for h,29 is similar.[] 
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Theorem 2.6. For m2é, 
Hignte,o, a) = BUM, 5,3) 40, 
and for m=7, m8, 


E*(m+3,3,3) < E*(m,3,3)+3. 


Proof: In the proof of Theorem 2.2, given a linear (m, 3,3) 
-graph, we constructed a linear (m+3,3,3)-graph by deleting one 
edge and introducing four others. Three 'new'' vertices were 


introduced. Hence the result follows.|[] 


Theorem 2.7. For n25 and r23, a(m,r) and o*(n,r) exist. 


P¥EOOE: From the proof of Lemma 2.10, we have 
j L 
(10) EA (ns .2)) =) EA*(m, ns v)+E*(Lyn,v-1) 
Cal 


where m=m4+...#m+1 and E*(1,n,2) is understood to be equal to 7. 


By a result of Fekete (LF13), a*(n,r) exists for n>3 and 
r>3. Also, an examination of the proof of Lemma 2.10 shows that 


(10) also holds for the function £, and hence a(n,r) exists also.|[] 


Finally, we prove 


Theorem-2.8. For 725, and Y25,, 


a*(n,r) = a(n,r) = min{i1, (r-1)/n}. 
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Proor: First we prove the following extension of Seymour's result. 


The argument is also adapted from Seymour's paper. 
CEs) E(m,n,vr) =m. 

Let F be an (m,n,r)-graph. Assume that |F|<|UF|. To each 
veUF, associate a variable xe For each FeF, set up the equation 
roe =O , where the summation is taken over all vertices veF. Since 
|F|<|UF|, this system of equations has at least one non-trivial 
solution {u, ive F}. Let f=AuBUC where 

A={veUF:u_ <0} 
Vv 

B={veUF:u =0} 
Vv 

C={veUF:u_>0}. 
V 

Let G be the subgraph of F which is comprised of all 
edges all vertices of which are in B. We may assume that G is 
non-empty. Since the solution {u.:veUF} is non-trivial, Gis a 
proper subgraph of F. Since F is r-critical, G has an (r-1)-coloring 


Us Detine W:ie(1,...5%=1 iby: 


v' (x) if xcVG 
wCx)=} 1 Tien 
2 if xeCuB- G. 


Let Fef. If FeG, clearly |yCF)| 22. If Ff¢G, then not all 
vertices in F belong to B. Since tu =0 for veF, there exist v,v'eF 
such that veA and v'eC. Thus |\(F)|2=2 also. Hence » is an (r-1) 


-coloring of F, and this is a contradiction. 


Our second step is to show 


(12) E(m,n,r) > m(r-1)/n. 
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Let F be an (m,n,r)-graph. We claim that the degree of 
each vertex is at least r-1, from which (12) will follow. 
Suppose there exists a vertex v of degree t<r-2. For 


definiteness say veF »F,.- Now SLE I has an (r-1)-coloring yw 


pork, 
such that p(v)=r-1. Since t-1<r-2, there exists an integer 27, 
1<l<r-2, such that v@,-{v,, })4lfor 1<1<t-1. Define o:UF>{1,...,7r-1} 
by: 

W(x) if xv 

> (x)= 

if if x=v. 

It is easily verified that $ is an (r=1)-coloring of F. This is 


a contradiction: 


The result now follows from (11) and (12). 
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CHAPTER THREE 


RAMSEY NUMBERS 


§1. Lower Bounds For R(k,1;3) 

In this section, we present the proofs of the results 
stated in 83.1 of Chapter One. The proof of Lemma 3.1 is due to 
Abbott and Williams(LA12]) which we present here since we shall 


have occasion to refer to the graphs constructed in it. 


Gemma 33. For k,l,usved, 


R(ktu-2, l4+v-2) = R(k,l)R(u,v). 


Proce: Let j=R(u,v) and let B be a maximal (u,v)-graph with 
(u,v)-coloring $‘'. Let UB={b1,+-+ sb}. For U<\=7, let A. be a 
maximal (k,l)-graph with (k,2)-coloring 5° let A)=UA, and let the 
A's be pairwise disjoint. Let UR UE SUES and let F be the complete 
3-graph defined on V. We need show that F is a (k+u-2, l+v-2) 
—graph. 

An edge {v,,v>,v3} of F is said to be of type xyz, where 


120 Sa 5 Lee vieA,5 ea and v3eA,- Let <xyz> denote the set of 


all edges‘of fF of typé ayz. Define @:F-{1,2} by: 
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>, (F) Leven, 

(Ct bese Oe. it) it feay2>, ©,y,e) distinct 
$(F)= ae 

i if Fe<urs>, 02 

2 it Feswre> G2. 


Let K be any complete subgraph of F such that $(F)=1 for 


all Per. Get K=VK. Since o(F)=$' {bs b,»b,)) Por Fe<cye. 652/52 


distinct, K cannot have non-empty intersection with u or more of the 


A's. Since o(F)=2 if Fe<exrz>, <2, [KnA, | <1 except for at most one 


A,» and [KnA, | <k-1 for ‘that As.) hence 


1° 
[K| 3 (R-)4G@-7)-2 = kta 3. 

Therefore, F cannot have a complete subgraph K on k+u-2 vertices 

such that $(F)=7. for all Fek. A similar argument shows that F 


cannot have a complete subgraph L on /+v-2 vertices such that 


o(F)=2 for all Fel. This completes the proof.[] 


Before we prove Theorem 3.2, we give an auxiliary 
definition. By a (kK,l,u,v)-graph is meant a complete 3-graph 
fF=<A +A > as constructed in Lemma 3.1. 


Vex : 


Theoren oec. for Kh, l,u,v25, Kev, 


k~3 
R(ktu-2,l+v-2) > y R(k-1, 141) R(utt,v-t). 
del) 
Proort - Let O0<t<k-3 and let J =R(utt ,v-t). Let Dia ai rd 


be an (k-t,l+i,uti,v-t)-graph. Let V,=UF,, and let the V's be 


pairwise disjoint. Let V=V,u...uV and let F be the complete 
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5-graph defined on VY. We need show that F is a (k+u-2,l+v-2)-graph. 
An edge {v,,V9,v3} of F is said to be of type axfyya2 if 


VyEA voeA, and Moa ee Let <axfByyz> denote the set of all edges 


By 
of F of type axByyz. Define o:F>{1,2} by: 
2 LE Fe<onony2>; a>7 
or Fex<arsy¥Z>, A, 2,7 distinct 
or Fe<axayy2>, a<y, x#Y 
6(F)=| | if Fe<axaxyz>, a<y 
or Fe<oxayyZ>, a>y, xAY 
o, F) it FeF ., 
where o; is a (ktu-2,l+v-2)-coloring of Fee 
Let Kbe any complete subgraph of F such that $(F)=1 for 
all FeK. Let K="JK. We first suppose that KcF for some 7, 0<t<k-3. 
Then, by Lemma 3.1, |K| <ktu-2. Having disposed this case, we may 
assume that K has non-empty intersection with at least two of the 
V's. Since $(F)=2 if Fe<axByyz>, a,8,y distinct, K must have 
non-empty intersection with exactly two V's, say Me and Mens with 
Coys 
Since re is a (k-a, l+a,ut+a,v-0)-graph, K can have non- 


empty intersection with uto-7 of the A 12) =9 2) Simcer¢ (i) =2afor 


aA? 


Fe<axaxry2>, a>y, we have [KnA,, [<2 for each A Since ¢(F)=2 for 


re 
Fe<axayy2>, a<y, xc#y, K must have non-empty intersection with 


exactly one of the A te Clearly [Koa , [sk-y-1 for this A 


re 


Hence 


A 


fel [Kav |+] Kav, | < (uta-1)+(k-y-1) 


(ktu-2)+(a-y) < ktu-2. 


yr? 
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Therefore, F cannot have a complete subgraph K on k+u-2 vertices 


suéehtehat OF )=]sfarfall Bek: 


Let L be a complete subgraph of F such that $(F)=2 for 
all Fel. Let L=UL. As before, we may assume that L has non-empty 


intersecttonewith: Viusacty Ve Eo<irnn ck oo ywhere- ceo. 
1 os i c 


Since $(F)=1 for Fe<axrayyz>, a>y, «fy, L must have, for 


1<h<g 


l<q<t-1, non-empty intersection with exactly one A; »? ; 


Since $(F)=1 for Fe<axraxryz>, a<y, we must have, for 2<q<t, 


[Ln eit for each A. ? 
pa. q 
Clearly, | Lav. | <Z+2 =lenesince kaanis.a 
ty 1 a 
(K-€,, b+, ,utt, ,v-t,)-graph, L can have non-empty intersection 
with v-t,-1 of the A. ,, I<Asj. . Hence |Lnv. |<v-7 
w Bedi t Z 
iE t 
a 
[tL] = } 


= 


pole Therefore, 


t-1 


ae 


q=a 


ave IGM. + 
@ i 


Lav. 
i 


q 


Lav, 
16; 


/ 


lA 


(L4t ,-1)+ (t-2)+(v-t ,-1) 


(L4+0-2)- (4 ,-4 -t+2) < l+v-2. 


i 


Therefore, F cannot have a complete subgraph L on l+v-2 vertices 


such that $¢(F)=2 for all Fel. This completes the proof.l 


Theorem 3.3. For k24 and 7225, 


Ri es eae UnOR he ate 


Proof: Let A, B and C be maximal (k-1,l-1)-graphs with (k-1,l-1) 


-colorings a> bp and bo respectively. Let D be a maximal (k.l-2) 


isksj, . Therefore |LaV, |<7 for 2<qst-1. 
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-graph with (k,l-2)-coloring bp: Let A=\|JA, B=\|JB, C=C and D=(|D 
and let A, B, C and D be pairwise disjoint. Let V=AuBUCUD and let 
F be the complete 3-graph defined on V. We need show that F is a 
(k, L)-graph. 

AD Gage iVisVo.Voi Ot y 18 eaideto be of Lype- Ty 151s 
where, for 1<7<3, T,€{A,B,C,D} alse v,eT,. Let <T,TjT3> denote the 
Set of all jedges of fF of typeul, [o12. Define ¢:f>{i,a) by; 

ZL if FPe<AAB>, <ABD>, <ACC>, <ACD>, 
<ADD>, <BBC>, <BCD>, <BDD> 
or <CDD> 

¢(F)= 

1 if Fe<AAC>, <AAD>, <ABB>, <ABC>, 
<BBD>, <BCC> or <CCD> 

o7(F) df eleqAybec. Dias 

Let K be any complete subgraph of F such that $(F)=1 for 
all FeK. Let K=UK. We may assume that K has at least two vertices 
in common with at least one of A, B, C and D. 

Suppose that |KnA|22. Since $(F)=2 for Fe<AAB>u<ACC>uU<ADD>, 
we must have KnB=@, |KnC|<7 and |KnD|<7. Furthermore, since $(F)=2 
for Fe<ACD>, K cannot have non-empty intersection with both C and D. 
Thus 

[kK] = |KnaA|+|Knc|+]Kap| < (k-2)+1 = k-1. 
A similar argument shows that if |KnB|=2 or |Knc|=2, we will also 
have |K|<k-7. 

Suppose that |KnD|=2. Since $(F)=2 for Fe<ADD>u<BDD>u<CDD>, 
we must have KnA=KnB=KnC=$. Thus 
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Therefore, F cannot have a complete subgraph K on k vertices such 


that o¢(P)=78for all Fek. 


Let L be a complete subgraph of F such that 9(F)=2 for 
all Fel. Let L=UL. We may assume that L has at least two vertices 
in common with at least one of A, B, C and D. 

Suppose that |LnA|2=2. Since $(F)=1 for Fe<AAC>u<AAD>uU<ABB>, 
we must have LnC=LnD=¢ and ime |i Thus 


[| = GA ea ee ae Ts 


A similar argument show that if |LnB|=2 or |LnC|22, we will also 
have ey 

Suppose that |Lan| 22. Since’ $(F)=7 for Fe<ABC>, L must 
be disjoint from at least one of A, B and C. We may assume that 
LnA=$. Since $(F)=1 for Fe<BBD>u<CCD>, we have |LnB| <2 and 
|Lnc|<7. Thus 

IL =? | Lap oka Glee) +2t=r a) 

Therefore F cannot have a complete subgraph L on Z vertices such 


that ¢(F)=7 for all Fel. This completes the proof.|] 


§2. Lower Bourds For R(k:r;3) 


In this section, we present the proof of Theorem 3.4. As 
was mentioned in Chapter One, the proof uses a number of results 
scattered throughout the literature. We present these results as 


lemmas, and included the proofs. There are two reasons for including 
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the proofs. One is that it will illustrate the interslay of construct— 
ive methods on the one hand and probabilistic |, 27n~constructive 
methods on the other. Secondly, while Lemma 3.5 can be found in the 
long paper of Erdés, Hajnal and Rado([E8]), its proof is not 


entirely easy to extricate. 


Lemma 3.9. For vez and KZ, 


R(RAIoZr; 5) = gh(Kin32) 


Proof: Let j=R(K:r;2) and let G be a maximal (k:r;2)-graph with 
(Kerr?) =coloring @", Let UG=17,e.e.7}. let V be the set of all 
j-tuples of 0's and 1's and let F be the complete 3-graph desined 
on V. We need show that F is a (k+1:2r;3)-graph. 

Let the vertices of F be arranged in lexicographical 
order, that is, Ho pa ceees 6 ll dg acaol lel if there exists an 7, 
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Ly gece sy ade 
For an edge F#{v,,vo,v3} of F, v}<vo<v3, let d,(F) denote 
the first place where v, differs from v>, and d5(F) the first place 
where v> differs from v3. Since v}<vo<v3, we have d)(F)#do(F). Thus 
lap. jiece Define Oo: i, 2...,78) by: 
6'({d, (F) ,do (F)}) if d,(F)>d>(F) 
o(F)= 
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Suppose F has a complete subgraph K such that $(F)=1 for 


all FeK. Let K=UK and assume that |K 


>k+1. Let K= {vise het 
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CF) = $"(id) (F),dg(F)}) = 6'({t,,¢,,}) #1. 
This is a-econtradictions Similarly; onevican show that, for 2ve2r, 
F does not have a complete subgraph K' on k+1 points such that 


6(F)=2 for all FeK'. This completes the proof.[ 


We need two additional results on 2-graphs. Lemma 3.6 


is due to. Abbott ([A31)i-and Lemma 3.7 to Erd&Ss(LE2]). 


Lemma 3.6. For psr!22 and k225 
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Proof: Let j=R(K:r';2) and let B be a maximal (k:r';2)-graph with 
(k:r';2)-coloring $'. Let UE ote Kor =7-950 Let A; be a 
maximal (k:r;2)-graph with (kK:r;2)-coloring od, Let A.=UA, and let 
the A's be pairwise disjoint. Let Honan and let F be the 
complete 2-graph defined on V. We need show that F is a (kK:rtr';2) 
-graph. 

An edge {v,},v>} of F is said to be of type xy, where 
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F of type xy. Define o:F+{1,...,r¢r'} by: 

o, (F) if FeA . 

o(F)= 
bottom Rae te 1f Fe<ry>, xy. 
Let K be any monochromatic subgraph of F with K=UK. 

Suppose K has non-empty intersection with at least two of the 
A's, say A. and Pa? tA. Then ter fa2= 7, [Koa | <7 as ¢(F)=$, (F) <r 
for FeA while CED o (bebe goo for Fe<xy>, x#y. Since B is 
(k:r';2)-colorable, K cannot have non-empty intersection with k 
or more of the A's. Tt follows that |K| <k-1. On the other hand, 
if K has non-empty intersection with exactly one of the A's, then 
|K|<k-2 also, since the A's are (k:r;2)-colorable. Therefore, F 
cannot have a monochromatic complete subgraph K on k vertices. 


This completes the proof .[J 
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| 
bee < Kia 2 


It follows that less than half of the subgraphs of F 
contain a complete subgraph on k vertices. In other words, F has 
a subgraph G for which both G and its complement do not contain a 
complete subgraph on k vertices. Now define $:F+{1,2} by: 

fl if FeG 
o(F)= 
2 if FéG. 
It is easily seen that ¢ is a (k:2)-coloring of F. Thus 


Rf 2 


Ri he se) eee > exp (ck) 


for sufficiently large k. This completes the proof.[{] 


Theorem 3.4. For r24 and sufficiently large k, 


R(k:r33) > exp(exp(erk)). 


Proof: We may assume that r is even, say r=2t. By Lemma 3.7, we 
have 

Ri hose) semper, « 
By repeated applications of Lemma 3.6, we have 

Rikspse) = Rikeduse, = exapleck) > exp(c rk) . 


Combining this with Lemma 3.5, we have the result.[] 


It should be pointed out that the proof of Lemma 3.7 
involves probabilistic non-constructive methods. By an explicit 


construction, Abbott([A4]1) was able to prove that 
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R(k:r3;2) > exp(ertog k) 
which leads to 

R(k:r3;3) > exp(exp(erlog k)). 
While this is weaker than Theorem 3.4, it is still an improvement 
over the old result 


R(k:r;3) > exp(exp(erloglog k)). 
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CHAPTER FOUR 


COVERING NUMBERS 


In this chapter, we present the proofs of the results 
stated in 84 of Chapter One. We shall deduce Theorem 4.1 as a 


special case of a more general result. 


Lemma 4.7.(General Covering Lemma) 


Let A and B be non-empty finite sets. Let R be a relation from A 

to B such that for each aeA, there exists beB such that aRb, and 
for each beB, there exists aeA such that aRb. For aeA, let 
B_={beB:aRb } and for beB, let A =taeA:aRb}. Let u=min{|A, | :b<B} 

and v=max{|B_|:acA}. Let A' be a smallest subset of A such that for 
all beB; beB. for some acA'. Then 


(1) [B|/v < |At| < JA] (1+log v)/u. 


Proow: First we observe that 
aU ON a Sle aN Ba 
a 
where the summation is taken over all aeA'. Hence 
re Bos 
so that the lower bound in (1) is established. 


We now turn our attention to the upper bound. Choose a,cA 
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|A| (1+Zog v)/fu, 


which is (2). This completes the proof. 


Theorem 4.1. Let e denote the maximal degree of the vertices of an 
nm-graph F on m vertices and let g denote the minimal degree of the 


(n-1)-subsets of F. Let g>0. Then 


m-1 
: m| 1+log x(t? 
gtn-1 
Proot: In Lemma 4.7, take A=UF, estate and let aRb mean that 


either aeb or a covers b. It then follows that u=g+n-1 and 


m-1 


paer(™ 4). The theorem follows immediately.|[] 


We point out that we could have proved Theorem 4.1 
without formulating the General Covering Lemma. However, the 
technique used in the proof has been employed many times during the 
past twenty years in a variety of situations, usually on an ad-hoc 
basis. We shall list some examples in Appendix 4. Recently it has 
been recognized that perhaps the method is a fairly fundamental one 
and various general formulations of it have appeared(see [Cl], [S41 


and [S5]1). Our formulation of the result is somewhat different from 
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the others, 


We now give the construction for the [m,n,p]-graphs. Let 
n22 and let 0<p<i. Further conditions on p will be imposed as the 
need arises. let m and nx be relatively prime. 

Let V={1,...,m}. Let the points of V be evenly distributed 
alone a circle. Let (Wy 5+++50) denote the convex n-gon determined 
by {Vi s+0+50 }eV. Two n-gons are said to be congruent if they can 
be superimposed on each other by rotation along the circle. If 


(ys+++50,) and (v’ +0!) are congruent, we write 


pet 


Hl 
Ne 
Ss 


(Vj s+++50) 


The number of non-congruent v-gons is given by 


(6) i) Py /. 
Let TooreeoT, be any labelling of these n-gons. 
Let Xioree ok, be independent random variables such that 
Pr{X,=1] =p 
and 
PrlX=0 J = 1-p 


for 1<i<w. For each of the 2” sequences Q=<X 9X >> let F. be 


pee 0 


the 7-graph with vertex set V and edge set 
({0j5-0 050 }2(Vq5-+--5¥ JET, X=1}. 


Such n-graphs will be called [m,n,p|-graphs. 


We now establish the properties of the [m,n,pl-graphs. We 


sbi ws ipa as fitwq 4 
204 130 
. va 

fedddisdeth yfnove od V tc eintod hae oi ae: jot 
i cae nop- xsvaoo ans ayonsb c ie vee ae pte eR 
meas cs {Er tnoutgnos sd 0% ‘bisa 9x5 enog-n owl Aen arr rh 
31 .alorts of? grole aoljsso1 vd sande dons” ae dial 
stjisw ew ,Jneprgae2 Sis re esa bas -(. aie ies 
- 

Vie Yer = at g . 
ae Ye al ds r) = (ter ore gD i 
: , ; 
i a7 r : 
vd aovig et efog-\ Institgnoo-ron to xodaun oft 
ad | ; _ a - - 
m — tt ’ ¢ : > | , 

| ae 
: a ; 
-erog-" gest? to gnillodst vas aad ee 
dads dove ealdetisy mobnex Insbasqebat sd are gel. aah 


q* [ie aRe 


qe = alae: 
sd. 0° jet th bed eee hee asznaipsa Uy ot ann 8 
2 spb: ban va 58 x907 


shall call freely upon basic facts from probability theory(see for 
example [F2]). In Theorems 4.2, 4.3 and 4.4, p satisfies the 
following condition: 

(7) m (1/s) te 


= ps a 


for some ce and a, 0<e<1/3, O<a<i. 


Theorem 4.2. For each n22 and every §>0, the degree d of almost all 


[m,n,p]l-graphs satisfies 


m=-1 m-1 
1-6) ]e Sas (248) )p. 


PLOOE: The degree d of the [m,n,pl-graph corresponding to the 
sequence <XpaeeesX > is given by 
w 
d= n ) X 
1=1 


Thus d is a random variable with mean 


eee Peale 


n-1 


and variance 
m= 1 
oe n[mpca-p). 
By Chebychev's inequality, 


(8) Pr(|d-p|26ul < 02/5? = nl1-p)/s?(™ ofp, 


and it is easy to check, using (7), that the right side of (8) tends 


to 0 as m tends to infinity. This proves the result.[] 
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Theorem 4.3. For each n>2, the covering number of almost all 
L[m,n,pl-graphs F satisfies 


BLF) > (elog m)/p. 


Prool: Let F be an [m,n,pl-graph corresponding to the sequence 


Chasing eee Lew 
w 
(9) tt=L(elog miifo4 


for some constant c, to be chosen later. Let A={A,5+++5a,} be any 


t-subset of Fs Let 


zt 


q q 
n-prr et? Re eit 


a 1 
Ve = {{055+++50 .? at 


Je epee) 


be a maximal subset of GE ae such that all n-gons (2, V9. 


1<t<t, 1<j<q, are non-congruent. 
Portal! {Vi seeesd Sa ee will satisfy at 


least one congruence of the form 


Me a 
(10) (Ap rsVqo++ +5 ) = (Ap sVGoe20 50 


thereby contradiciting the maximality of Vac 
If m#0(mod 1), each congruence of the form (10) has exactly 


n solutions. If m=0(mod n), one of them will have only one solution. 


In either case, 
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=Pr[X,=0, TL=(4;50 see90, 4) J = ]-p. 


Since the X's are independent, 


PrLA does not cover Cr Oe: r= (1-p)”. 


v 
Thus, 


PrlA covers {vJ,...,v,7,}] = 1-(1-p)”. 
The independence of the X's again gives 


PrlA covers ve = Gaen) e 
Thus 


PrLA covers F] < CEG IOR 
Since there are " choices for A, we get 


Prlat least one A of size t covers F] < 7 


where 


T = " (eGepy 2. 


It remains to be shown that 7>0 as me. We have, 
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(12) t < m°(1-(1-p)")4 


t t 
i m®(cr-ca-py) EP? q(1-p) 


< m’ exp (-q(1-p)*) 


exp (tlog m-q(1-p)"). 
By picking c sufficiently small, we have 
(CS) de > -clog(1-a)/a. 

By (7), (9) and (11), we have 


(14) Aion” = apn a ae 


> Seige Ue ee ne ce m)“p 


. ep I IAD As i as =o. 
By (7), (13) and the fact that n2=2, the numerator of @ is some 
positive power of m. Hence 
(15) Q > 2e(log m)°/p = 2tlog m. 
From (14) and (15), it follows that 

g(i-p)* > 2tlog m 
for sufficiently large m. Hence, as m~, (q(1-p)"-tlog m)>©, and by 


(12) we have 7>0 as well. This completes the proof.[] 


Theorem 4.4. The covering number of almost all [m,2,p]-graphs F 
satisfies 


(2,log m)/p < B(F) < (e2log m)/p. 


« 
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Proof: The lower bound is given by Theorem 4.3. The upper bound 
follows via some routine calculations from (7) and Theorems 4.1 


and 4.2. We supress the details.[ 


In Theorems 4.5 and 4.6, the condition on p must be 


replaced by 

(16) Y =D So 

for some y and a, 0xy<a<1. Note however that if p satisfies (16), 
it clearly satisfies (7) so that Theorems 4.2, 4.3 and 4.4 still 


hold. 


Theorem 4.5. With positive probability, the degree d of each 
2-subset of the vertex set of an [m,3,pj-graph satisfies, for 
every 6>0, 

d > (1-8)mp. 


Proof: For each Kk, 2=k<\m/2), let ¥ =IX,, where the summation is 


k 


taken over all zi for which the 3-gon T. contains a 2-subset {v,v'} 
such that [v-v' |=k. It is clear that the summation consists of m-3é 


terms. Thus the mean of the random variable Y. is 
u = (m-3)p ~ mp 

and its variance is given by 
o% = (m-3)p(1-p). 


We now appeal to Chebychev's inequality and obtain 
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Prf|¥,-n|<du)] 2 J-07/s?y2. 
Thus, 


Prl|¥,-u| sou Porraller, Yekain7 244 


> (1-02/62y2) b"/2 1 


By some tedious but routine calculations, we have 


(itee2e/s Pie) 0s Awe ertled te WP 


> exp (-(1-a)/262y2). 
This shows that with positive probability 
ee (1-8 )mp. 


Since clearly d2Y,, this completes the proof.|[] 


Theorem 4.6. With positive probability, the covering number of an 
[m,3,p ]-graph F satisfies 


(e,log m)/p < B(F) < (eglog m)/p. 


Proot: The lower bound follows from Theorem 4.3. The upper bound 
may be deduced in a straight forward manner from (16), Theorems 4.1, 4.2% 


and 4.5.1) 


We conclude this chapter with two remarks. First, 
concerning possible improvements, for 24, of the upper bound given 
by Theorem 4.1, the main difficulty seems to lie in getting estimates 
for the degree of the (n-1)-subsets of the vertex set, that is, a 


suitable extension of Theorem 4.5. If one tries to model a proof 
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after the one given for r=3, a difficulty arises at the last step 
in that the probability in question cannot be shown to be bounded 
away from 0 as mo. In this connection, we remark that for the 
problem at hand, better tools than Chebychev's inequality are 
available for estimating the probabilities involved, but these do 
not seem to work either. 

Secondly, the probabilistic arguments used here may be 
applied in other situations. In the course of doing this work, we 
have found that the methods can be applied successfully in connection 
with a recent problem of Stein(LS5]) on quasigroups. We do not 
elaborate on this any further here, since the problem itself is 


somewhat remote from hypergraph theory. 
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CHAPTER FIVE 


PROPERTY B(r,s) 


In this chapter, we present the proofs of the results 
stated in 85 of Chapter One. We recall that B(n,r,s) is the minimal 


size of n-graphs without property B(r,s). 


Theorem 5.1. For 2,28, and nNo2>85, 


n 
B(nyNo5,1%,8 189) < B(ny,7,8,)B(no5P,8o) }. 


Proof: Let G be an n,-graph without property B(r,s,). Let 
UG={v5,.-.,v }. For 1<t<m, let Fe be an %o-graph without property 
B(r,s5). Let V,=UF, and suppose the V's are pairwise disjoint. Let 

G be an edge of G. For each v,<G, select an edge from Fee The union 
of these edges is an n,”>-set. Let F be the n,n5-graph consisting of 


all nyno-sets constructed in this manner. Clearly 
ny 
[Fl = Bin, ,r,a,JB(no,r,85) +. 


We shall now prove that F does not have property B(r,s 89). 
Suppose there exists a subset Sc\JF and a function 
o:S>{1,...,r} such that 


lo 1¢) nF| S38, 02 EOL all 7 aid fox all) Fer 
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We wish to arrive at a contradiction. 


Let T={v_,:SoF#¢ for all FeF,}. For each F such that v,eT, 
we must have 
nee 
(2) | (j,)0F, | 2 So 
for some J se{1,...57} and some Fick, as F does not have property 
B(r,s5). Note that the choices of Jj; and FY need not be unique, but 


once chosen they are fixed. Define 6:T>{J,...,r} by (v= ;- 


Suppose TnG=¢ for some GeG. Then it follows easily that 
SnF=¢ for some FeF, contrary to (1). Hence TnG#@ for all GeG. Since 
G does not have property B(r,s}), for some j {1,...,r} and some 
GeG, we have 
(3) lo 2¢g)nG| = 23. 


By (2) and (3), keeping in mind the definitons of the things 
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involved, we see that there must exist an edge F of F such that 
le le) nP| S S189. 


Thus F does not have property B(r,8189).0 


Before proving Theorem 5.2, we give some lemmas, although 


only special cases of these are needed in the proof of Theorem 5.2. 


Lemma 5.4. Let m and e be positive integers for which there exists an 
n-graph H on m vertices and having e edges and which is not 
r-colorable. Then 


B(n,vr,s) < mB(n-1,r,s-1)te. 


Proof: Let j=B(n-1,r,s-1) and let ae be a minimal 
(n-1)-graph without property B(r,s-1). Let UH={aj,---,a }. Let 

ne Ree 2 . 

Fy=G uta} and let Fat ena Let F be the n-graph whose edge 


set consists of all of the edges of each Fe together with the edges 


of H. Clearly 
|F| = mB(n-1,r,s-1) te. 


We shall show that F does not have property B(7,s). 
Suppose there exists a subset S of VF and a function 
O2571J,00.,0) such that 
|o 1(¢)nF| < s-1 for all 7 and all FeF 
and . 
(4) |SnF| ae | for all Fel. 
Write S=S,uS, where S,c\|G and SycUH. Note that if S =H, then ¢ is 


an r-coloring of H, which is a contradiction. Hence we assume So#UH. 
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Suppose for definiteness 2 ectopic ee, where q<m. Then 


@ is an r-coloring of ee . Thus there exists te{1,...,r} such that 


1 
eo*"t)nF| = e=7 
for some tet as Now if o(a,)=t for some 1, 1<l<q, we have 
|¢ 1 (t)n(Fufaz}) | > s. 
Hence we may suppose that (a, )#t for t=1,...,q- Now define a 
Lunetion OsFHs{1,.s. 57) by: 
o(a,) for 1<i<q 
O(a. )= 
t for gti<is<m. 
Then since H has no r-coloring, 6 !(t)>H for some HeH. Thus 


¢ !(t)nH#@, contradicting (4). 
Corollary B(n,1,s) < (nt1)B(n-1,1,8-1). 


Proof: Take H to be a single’: n-set in Lemma 5.4. This gives the 


result as B(n-1,1,s-1)>1.0 


Lemma 5.5. Bi, 7.8)" SB (ner, stl) 
and 


Bin,r,s) < B(nti,r,st1). 


PErOor . This first inequality is obvious. The second one follows 
from the observation that if F is an (n+1)-graph not possessing 
property B(r,s+1) then the n-graph obtained from F by deleting an 


arbitrary vertex from each edge does not have property B(”,s).[] 
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We now have sufficient information at our disposal to 


prove Theorem 5.2. 


Theorem 5.2. Let A>Z and let n=(Ato(1))s. Then ae TCS ed 


exists. 


Proof: We remind the reader that Theorem 5.2 is to be interpreted 
as in the Note on page 25. Because of the many parameters involved, 
the details of the proof of Theorem 5.2 are rather intricate, so 

we present the proof only for the case n=lAs]. Most of the essential 
features of the complete proof are contained in the proof of this 
special case. We shall also write B(n,1,s) as B(n,s). 


Let e>0 be given and let ae([rs1,0)7/° 


. We shall show 
that 
B(Lr8],8)7/8 < (1+e)2(ate) 
for all sufficiently large s, The result will then follow. 
Choose t such that Rute) ce ates and (atnte)2/ “<ite. 


For s sufficiently large, write s=qt+b with 0<b<t-1. Consider first 


the special case where b=0. Let u=[qitJ-qlatlsq. We have 


B(( AS 1,8) = B(glatitu,qz) 


IA 


B(qlrt ]+u, qttu) 


lA 


B(qlatl+q,qtt+q) 


B(q,q)B(Lat +1, t+1)4 
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by Theorem 5.1, Lemma 5.5 and the corollary to Lemma 5.4. It 


follows that 


B(Lasl,s)/2 < (atntde)!/*eccatl, wl/* 
< (Ite) (ate). 


For the general case, let v=[qit+)b ]-[qit ]2b. Thus 


B(ldAs],s) = B(Lqit]+v,qttb) 


lA 


B(lqitl]+v,qttv) 


1A 


(Lqatl+vre)B(Cgitl,qt). 


Hence, 2 i 
B((iale)e 2 tleieeene 8 ime liane 
t+ qt 


<efg Maer e PUM ac (Tee Goa y eee 
< (1+e)2 (ate) 


for sufficiently large s. This completes the proof.[{J 


Before we prove Theorem 5.3, we need a definition and an 
auxiliary lemma. A subset S of the vertex set of an n-graph F is 
said to be an (n,1,s)-set if I<|SnF|<s-Zfor all FeF. Thus an 


n-graph with property B(i,s) will have at least one (n,1,s)-set. 


Lemma 5.6. Let n2s23. Let F be an m-graph without property B(1,s). 
Let x,y€ F be of degree x and y respectively. If xty>|F|, then x 
and y appear together in at least xty-|F|+1 edges. If xty=|F|, then 


x and y appear together in at least 2 edges. 


Proot: The first assertion is trivial as otherwise {x,y} is an 
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(n,1,s)-set of F. Suppose xty=|F|. Now we have x,yeF for some FeF. 
Suppose they appear together in F only. Then there exists F'eF 
such that x,y¢F'. Let zeF'-F. Then {x,y,z} is an (n,1,s)-set of F. 


This is a contradiction and thus the second assertion is also true.[{] 


Theorem «S..3.5 For n70\(mod |Seor 72) ‘and 45511; 
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and 

(6) ets BULL), Smid, 

Proof : We first establish the upper bounds. It is easy to verify 


that the upper bounds in (5) and (6) follow respectively from 
Examples 9 and 11 in Appendix 1. Also, Example 10 in Appendix 1 
shows that 
BA) as oe 
By abutting two disjoint copies of this 7-graph, we have a 14-graph 
which shows that 
B(14) < 9. 
To complete the argument for the upper bounds, we need show that 
B(n+3) < B(n) 
for n#0(mod 3). Abut a suitable number of disjoint copies of the 
3-graph of Example 12 in Appendix 1 to either the 7-graph or the 
14-graph indicated above. It is routine to verify that the 


resulting n-graph does not have property B(1,3). Hence 
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for n#5,11 as required. 


Now we establish the lower bounds, but deferring the proof 
of B(5)29, which is quite involved, to Appendix 5. Throughout the 
remainder of the proof, Lemma 5.6 will be appealed to frequently and 


without explicit reference. 


Let #0(mod 3 or 4). Suppose F={F,,...,F7} is an ”-graph 
without property B(7,3). We may assume that every pair of vertices 
of F meet at least once, that is, appear together in at least one 
edge of F. It is easy to see that F has no vertex of degree 7, 6 or 


7. We consider two cases: 


(i) F has a vertex x of degree 5 


Let xeF)n...nFs5. Suppose there exists ye F of degree 2. 
then x meets’ y twice.~Clearly, the vertices in Fe are distinct 
from those in F7. Now y cannot meet every vertex in FguF7. This is 
a contradiction. Hence there is no vertex of degree 2. Let A, B and 
C denote respectively the set of vertices of degree 5, 4 and 3. Let 
d= | Ae b=|B| and Mlle Then 
(7) Sat4b+3ce = 7n. 
We consider two subcases: 
(a) B#@ Let yeB. Then y must meet every vertex of A three times and 
every other vertex twice. Hence we have 


(8) 4(n-1) = 3at2(b-1)+2e. 
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Now x must meet every other vertex of A four times, every vertex of 
B three times and every vertex of C twice. Thus 
(9) 5(n-1) = 4(a-1)+3b+2c. 
From (7), (8) and (9), we have 

14n-14 = 14n+a-10 
which is a contradiction. 
(b) B=@ Let Fe={a,,...,a,} and F7={bj,-..,b,}. Suppose for some 7 
and j, we have Boba ee Then a; and De must meet four times. 
However, a; must meet each beF; twice and a must meet each aeF¢ 
twice. This is impossible. Hence we may assume that F7cC. On the 
other hand, we cannot have FecA as otherwise every aeF,¢ must appear 


in each of two of F),...,F5. Hence we may assume that a asa eu 


i t 


and a sa cA where t<n. 


t+1’°"° 


Let aeFgnC and beF7. We claim that they cannot meet twice. 
Suppose a,beF,nF5. Now a must meet every vertex in FJ and b must 
meet every Verbesx im lp. These meetings must occur in F, or F,. This 
is impossible. 

We may assume that F NF gnC|>|F .nFenc| for 2<i<5. Clearly 


5 an at 


F, must contain some beF7. Now b must meet all of Anyqott 94, 


least twice. Hence we must have a +a €F). Theretore, ff cannot 


te 


contain all of a say a,¢F)- We may assume that a,¢€FonF3. 


qr ays t 


Not all vertices in F,nFgnC can occur in Fy or F3 by the 
maximality assumption on F,. Suppose we have a,€F)-(FouF3), say 
a,eFy. Now F,uF, must contain every beF7 just once. Similarly, FouF3 


must contain every beF7 exactly once. Now each aeFenA meets each 


beF7 twice. These meetings must occur LIP aye. «athe! LiLS 1s 
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impossible. 


On the other hand, suppose we have a,€F NF. Then we must 


1 
have a5€F i NF3 where ao€C. Now F,)UF 9 must contain every beF7 exactly 
once. Similarly, F,uF3 must contain every beF7 exactly once. 


Clearly F7NFo=F7nF3#%. Then a, will meet some beF7 twice. This is 


t 


impossible. 


(ii) F has no vertex of degree 5 


Let A, B and C denote respectively the set of vertices of 
degree 4, 3 and 2. Let a=|A|, b=|B| and c=|C|. Then 
(10) 4at3b+2ce = 7n. 

Suppose A=¢. Since nZ0(mod 3), C#@. Let xeC. Now there 
are at least (7n-2)/3 other vertices in F. As n>4, x cannot meet all 
of them. Thus A#@. We consider two subcases: 
(a) B¥@ Let yeB. Then y must meet every vertex in A twice and every 
other vertex once. Hence we have 
(11) 3(n-1) = 2at(b-1)+e. 
Since A#G, let xeA. Now x must meet every vertex in A or B twice and 
every vertex in C once. Thus 
Gy) 4(n-1) = 2(a-1)+2bte. 
From (10), (11) and (12), we have 

7n-7 2 7n-3 

which is a contradiction. 
(b) B=@ Since n#0(mod 4), C#A. Define a (|UF|-n)-graph G={G],--.,G7} 
by G.= bos for 1<t<7. Now every vertex in A has degree 3 in G and 


every vertex in C has degree 5 in G. By subcase 1(b), G has a 
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(|UFl-n,1,3)-set S. It is easy to see that |S|=2, 3 or 4. 
Suppose |S|=2, say S={x,y}. Now for all GeG, xeG or yeG. 


Hence x and y do not meet in F. This is a contradiction. Suppose 


[Si|=tee Bovey 240 1<|SnG, <2. Hence 22|SnF,|21. Thus S is an 
(n,1,3)-set of F. This is a contradiction. Finally, suppose |s|=4. 
Then either S contains four vertices in A or three vertices in A 
and one vertex in ©. In either case, it is easy to show that one 


vertex is superfluous, and we may choose S such that Sai This 


has been shown to be impossible. This completes the proof.l 
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APPENDIX 1 


EXAMPLES OF n-GRAPHS 


We list here the examples of n-graphs which we refer to 
in our study. The vertex set in each example is taken to be 


{1,...,m} for some integer m and we shall simply list the edge set. 


Example 1 
(ys oe 4 4 Ode a6 6,7 Mee ds Or 2 Os te (65.457 15 1.5555.69 


This 3-graph is a Steiner triple system with parameters (7,7,3,3,1). 


Example 2 
ia er Ade oso aA OF OF Ale Os Ore os ts OS Lesa Own Og 45 On 1oscae 
(42859 }° Lo,” , Ot 


This 3-graph is our own construction. 


Example 3 
eee: 2.9) 41 so, 20). alos) U2, 55,0 tales os lO) Lee 7s dl) 1b y6, ot 


Le, 7 eogod Sy Orda: £425) Che 06574838 195109249 


This 3-graph is our own construction. 


Example 4 
ee Se bed 1, 67)? 15.85 15 425 So, Aes 12544 Ohta 7) Leese trts. b., 6} 


85 


+h ay 

tie : i bg Bad 
an 

me i ge giea a 


20D 3 LA 
. Raat Meas) ye : 
Js 
us, os 7 A, = 
tT on. 4 A 
on thote: {) } 


oe ‘a ee ie rane does 


-_ - os o> 7 : A 
39a agbs odd) Jab vom Bade es saysdnt sao 
awe 5 


{8.0.8} (Tb b) (80,8) (888 ee) aad € aay _ 


(05.8, 3,5) ersjamsieq ditw meteya alqhad! tktea Be 5 ek dgeug-S shat 
_ 


(00.8) 1B EY (OSB) (28) (8.88) TB Bet) oa 
i 
tf, ABhet oo 
-nofjousienos fwo. Iwo aes He — 


on ¥y 
(O.B,8) {Ut.5.8) (08.8) (08.8) tear tg ans ry - 
(TE OL GY (DP 


iz a ‘ HE) 


UG, Lily be hat 943 lS) 10.910 422) 19011, 15) of Gr Ach bel 10,10, 14), 

{20 ploy dh ATS, 18-519 } of15 20, 8b} AD y 17 222 bt 16318920) AdG.h9, 81} 
(27 918 21) (17,204 20} 

This 3-graph is constructed from Example 1 according to Lemma 2.11, 


using an odd circuit of length 3 as the basis. 


Example 5 

Vine sO, 25) ehh, oh 919 hal ted, 14,17) {1,6,10,24) (157,85 22) 
GAPE UO LO bel byl 6, toy} Lal 2) nob ase | arte yy ee gal} 
tevogl oy tole (eo, 6,0 500) Cost sdy dl orale dle a) ee, 2oacot 
Weather 1o,0,16,16} 15,6.16,20) 16,9, 1014} 136,12, 15,20) 

Ho, br god, 24} 1 S55 79,25 4 96, 10 ath) 604 37 pC, 19) Meal glo gck) 

Pah BAIS) On Ga, PbO soni edcOe Uo, lend dpcak loglegciyao} 

1G. 91694) A659 919,22) Hegde elo 14) (6,14 921,25) Aso, 14, 20} 

tA. 10 920, 28) Ai7 13,14, 18} 07,176,223, 24) 18,70, 16521), 18, 123,20} 
Pon Dts onl 9) GO, 115 20h AO ploeed, 24) {10 -linl ani 6) sGl0 y be p2a520) 
Wid ah gle 22) I 2eE8 19 426 beh lool 9520904) Hie, TO s20 eo) flo, 16,517,215 


This 4-graph is a block design with parameters (25,50,8,4,1). 


Example 6 

ft Pali t0 hl go phe, 21} hl pagl2s2an Uigos it gees (156, Lo, 24} 

pel Geld bal tO p17, 26) Lipo s1S sa? | 1 yO glo mae} {2 25, fo320 | 
$2494 087 25618, 19) Ao sGelbacoh Lax7 yin 94), (2705 ho, LGt 

£5, 9, Don1 7b G2510,98, 26) 1S, 425526} 1395517515} Vo soy baelo } 
Tip bnee nest) A S98 720, 27) hos plag16} Ce s10 $18, 26) £4,6920 9253 


{46,12 516} (457,17318} £4, 8511519} 1459.21, 28} 14,10, 14,15} 


yee $ funda Mie hi neue 


4 ata an x ana 3 


{EL 8,8 LH Tee OL SEF irate enne at asad | ; 

(QE SE SS) (ISI AEH (S808 O80} {88 22 .8E it) bere 

{8S $8,348} (26 PE th, S$) {WL SL OL Sk FSO BSF FB $} i 
(S31 BES} {BLOTS} (08,0 0 .eF TOE BL ele) fest ris 

(XE {STEEP (OL OLT Eb) 1A OPE) (OSs ‘nonlel 
{23 TS, OLS} TAS HELE GF (O8SL,. 9.8} TEL} (a8 OS ORE 
(2S, NE.8,9} (8S, 18. 01.3} (STL 81 BP (8S, OF G20} (M8 OE 848) i 

{aS BS E1.8} (YS .BL,01.8) (BS SS aE.8} (ALBEE 2 OEORSY : 
{2S QE EL OL} LBL SL TL OL} (BS LOS SEO} (OS GT LTA) LOD ae ew” 
(US SE LOE aL} {Se OG BELT (POOF WE BE) ARSE OL SRD CRE PEEN RR 7 
out cs «8. 02,38) axetjomsreq ditwoogtsab ooold & et dqaxg-) | 


{BS,.BE,9,1} (ae. st eet) {8S SO Bt} RSLS {© + ' . 
{Se a8, § 8} {88,80 00, 0} USO BE Ret} 4081808) ft i 
{OE oY ASP Edt EL Veh) (88,18,8,8) tet 2 “s a" 
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Pee sa at atastas 2s ye ote 
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‘ ai 80 wien “ak 
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10,6 20528 PL SU7 ro), BF} abso hi 20153, fo )o sa seed sisi aosiGsi7} 
Losey 0726 FOL GV CSTs, 16 eero yi sia tl { 6101 26, 273107, esesseas 
17525 Lost OTA LZGIO, 27, 1230 829822, 259, $e, 102i sazieloyio§ 20,23) 
(i Tg de e727 283 4110, 26 28223 POC L717 eae a5 yeti siege Fee} 
(12,514,205 24}0{12, 15, 26528} °{72)18323 25) 1112999723997} 
1207755 20725 3°118;,06)26)27 5113817 7 20F8e) 413/19 323722) 
414,07, 22,223 9114,99 }25726) (716/17 f,2o2e7; etl Spies 20 fee} 
116,195,204 283 0( 76,19 }20 221% 


This 4-graph is a block design with parameters (28,63,9,4,1). 


Example 7 
COA2, LOTT RSs 6 OL I TAtSO} CURSO SELLING Om, COP PRO pes set, 9721} 


O17 VA Pon oO tat Tage We ide Tae hae eo oo wel 


Ramee 6 1727.09) 12.3, 20) 12,407) 125.52 tobe? 12585290 


12900271210 22) Sag 18 es 25 (2015, 063 


Cot goG aye sye 7 48, 2e7 30) 13,2521 Sib re iets, choi 15.9, 30) 


fs, 70825) 15, 11823) 1s; f2hig) £2, 74¢028) §oya5;26) (3,76917} 


fe fene7 1a,24028) (aeons) (4,6) lor 1 4serotee4, of2 4) {2,10,61)} 


Paitieoe p47 2)28) (4.13.90) (4,05523) (4,16,27) (4317518) 
P25 19 928 Ves, 25, Lop Sus pesyisyagaoje(sy9,1e% (5922727) 
fos o5 5, 14,27) bdo, 20) 1,17. 20) 15516, 09s oye, 20} 
psmse so) 46,7,22) (6,8,11} (6,70.96) 16,153,288) 46314, 26)} 
Peas tee iel 17925) 06) 18 729) 16, 19, 20s sey 21s sot ite, azysi) 
(258525 oo C7, Oe oe Lidl, 17) 47, 140298725027) (7, 16523) 
17) 99926)917,19,30) (7,20, 21) {7,228,381} {9,9,26) {8,120,731 


{8,12,18} {8,15,30} {8,16,28} {8,17,24} {8,19,27} {820,31} 
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(9,18, 25}, (9520,28} {9,22,28} {10,11,28} {10,12,15} {10,14,20} 
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This 3-graph is a Steiner triple 
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{158 2612 7a 
Eye RCA 
LI Oya Oi 
{19, 23, 29} 


(os eoonee} 


system with parameters (31,155,15,3,1). 


tides seo} 
(92524, 25) 
{pag 25, 26) 
{14, 16,19} 
{26,224,501} 
Lie lee7} 
(20nee neat 


{24, 26, 29} 


files t6. 
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{13, 14, 31} 
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{15, 28,29} 
(eo sel | 
{20, 24,30} 
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This 4-graph is constructed by considering the 2-graph F ys 
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ipa none PA. 4, 9) (ig2535859)) (1, 2355657) 42,455,859} 
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Tete nob ona 


This 5-graph is constructed by adding two new vertices to each edge 
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of the graph in Example 1, and then adding four new edges. The new 


edges are chosen by "experimentation". 


Example 10 

Layo, Ores lOgloe (lydsopo ig le, lope igon wedeelauioy 
(254,659 JIPISETSPOC2 Rory, OPisrasare) 03,257 R10S77, 14915} 
Ld POPOSIO, 12, DSPLIOP LI 2 Cosa eeue, A} AL OPOy 10591712; 738F72} 


This 7-graph is constructed by modifying Example l. 


Example 11 

CHAS OFS, SHOP REGO FIO R22} paso 74 FS, OF 7 96, 9210523} 

WIS, SSCS OPIS, Tee 7 Pens2e} (arses 8311, 12510,18, 19,225.23 
11565758, 15 SIAGIS P20 PALTZ aes Fa 74 pORo, 11 FS S16 SIGs 20 $22,075} 
P2RSs AFIS TAPTAS 16 219, 21 ;22528) UOFas7, LOFT; 14h 7 P18 per pae sas} 
USPSSOs 1LOSTZAI SGT, 19520, BR 5 EU PR MP2, 15, 14; PSSIC FIA, 16519520221} 


This Jl-graph is constructed by modifying Example 1. 


Example 12 

(2,258) (1 Jayo he I 7 7) bayszse pete 95, 7) ssa y7 Petssos 6 Pts 3,2) 
{5,6,7} 

This 3~graph is constructed by adding two new edges to the graph in 
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APPENDIX 2 


EVALUATION OF THE CHROMATIC NUMBER OF SOME 4-GRAPHS 


We present here an argument to show that the 4¢~-graph of 
Example 5 in Appendix 1 contains a linear (25,4,3)-graph as a 
subgraph. 

Let the ¢-graph in question be denoted by F. We first 
point out that F is a block design. Hence the behavior of its 
vertices is symmetrical. Each vertex is of degree 8 and every 
pair of vertices meet exactly once. 

It is not hard to verify that F is 3-colorable. We shall 
presently indicate a method to verify that F is not 2-colorable. 
Hence F contains a 2-critical subgraph G. By deleting all edges 
containing any chosen vertex, we obtain a subgraph of F which is 
easily shown to be 2-colorable. It follows that |UG|=|JF| and thus 


Gis a linear (25,4,3)-graph. 


There are ye functions yp: F>{i1,2}. Suppose one of them 
is a 2-coloring of F. Let V={xe F:w(x)=1} and v= F-v. We may assume 
that |V|sd2) For 7573, let F={FeF:|Fov|=c} and h=|F,|. We have 


the following system of equations: 
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since every pair of vertices must meet exactly once. There are 
three meaningful solutions. We shall deal with each case 


individually. 
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Let veV. Now v must meet every other vertex in V exactly 
once. There are 9 such vertices to meet. These meetings can only 
be in F3. Since | Fav|=3 for FeF3, v must meet an even number of 


vertices from V. This is a contradiction. 


Gi) IN | Sd 145329 3 oho=4, Wh e=17 

Since |v|<27, some veV must appear at least twice in F3. 
Now v must meet every other vertex in V. These meetings cannot occur 
in F3. Since in any edge, v can meet at most two other vertices 
from V, v must appear at least seven times in F,uF>. This is 


impossible as the degree of v is 8. 


Gii) |Vi=t2, by=24 peho=6j) he=20 

This case is quite involved. By the argument of case (ii), 
no vertex in V can appear three times or more in F3. Since 
|v|<20, some veV must appear twice in F3. As v must meet every other 


vertex in Vs v cannot appear in F»5 but must appear six times in mabe 
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By the symmetry in behavior of the vertices, we can pick 
any vertex of F to be v. From the eight edges which contain v, 
choose any six of them and from each edge choose two vertices 
other than v. These vertices, together with v, is a candidate for 


the set V, and we have shown that V must be obtained in this way. 
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6 == 
|s =20412 candidates for the set V, a number 
substantially smaller than she. To dispose of these cases, there 


are many possible approaches, all of which are likely to be tedious. 


We shall briefly describe the one we adopt. 


b.,c-}, 1<t<6, be the six chosen edges 


Let F.= 6 
o {v,ay, awe 


containing v. We shall search for possible candidates for V by 
following a six-level procedure. 

We start at level 1 and generate the following pairs of 
sets by partitioning F,: V,(a)={a,} with V) (a)=F,-V] (a), 

V1 (b)={b;} with V](b)=F}-V,(b), and V}(c)={c,} with Vy (c)=F,-Vj(c). 

For each pair of sets at level 1, we proceed to level 2 
and generate new pairs of sets by partitioning F 5. Thus the pairs 
of sets generated from V;(a) and V,(a) are: Vo(aa)={a,,a,} with 
Vo (aa)=F1UFo-V> (aa), Vo(ab)={a},bo} with V> (ab) =F, UF9-V> (ab), and 
Vo (ac)={a},c9} with Vo (ac)=F1UF)-V> (ac). 

For each pair of sets at level 2, we proceed to level 3 
and generate new pairs of sets by partitioning F3. This procedure 
is repeated until level 6 is processed. This exhausts all possible 
candidates for V, V¢(abacbb) being an example. As it turns out, none 


of these candidates has the desired property. 
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A short-cut is employed beginning at level 2. After a pair 
of sets is generated, we check if either one contains an edge of F. 
If this is the case, the pair is discarded and generates no further 


pairs of sets. 


We remark that by a similar but even more involved 
argument, we can show that the 4-graph of Example 6 in Appendix 1 
contains a linear (28,4,3)-graph as a subgraph. We shall omit the 


details: 
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APPENDIX 3 


LOWER BOUNDS FOR R(k,2;3) 
We list here our lower bounds for the Ramsey numbers 
R(k,l;3) for k,l<8&. The previous best values(see [A12], [K3] and 


[I1]) are given in brackets. 
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APPENDIX 4 


APPLICATIONS OF THE GENERAL COVERING LEMMA 


We list here some examples from the literature in which 
the underlying principle of the General Covering Lemma is used to 
tackle various problems, although in some of these other devices 


may be needed as well. 


Example 1 


The method of the General Covering Lemma seems to have 
been first applied by G. G. Lorentz(LlL3]) in connection with a 


<<a ees 


problem in additive number theory. He showed that if a,<a»o 


any sequence of positive integers, then there exists a sequence 
bi<ba<.s- of integers of density zero such that every sufficiently 


large integer can be written in the form BBE 3 for some 7 and j. 


Example 2 
Abbott, Liu and Riddel1([A9], [A10] and [L1]) made use of 


the method in obtaining lower bounds for certain van der Waerden 


numbers and in studying other questions on arithmetic progressions. 


Example 3 
Erdos([E3] and[E4]) and Herzog and Schonheim([H5]) used 
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the method in studying property B(that is, 2-colorability) and its 


generalizations. 


Example 4 
Chvatal({C2]) used the method in getting good upper bounds 


for the so-called Turdn numbers for hypergraphs. 


Example 5 


Abbott ([A6]) considered the problem of determining the 
least number of lattice points that one can select from an nxn 
Square array of lattice points in the plane so that every other 
lattice point is visible from one of the points selected. The 
upper bound clog n was obtained by the method of the General Covering 


Lemma. 


Example 6 


It is of interest in coding theory to determine the least 
number of vertices that may be selected from the set of the vertices 
of the n-dimensional unit cube so that every vertex of the cube is 
within a certain specified distance from at least one of the points 
selected. The best known upper bound for this number is obtained by 


Ehrenfeuct and Mycielski([E1]) via the method. 


Example 7 


Rogers({R2]) used a variation of the method, combined with 


a number of other devices, to get the best known upper bound for 
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the covering density of n-dimensional Euclidean space by unit 


spheres. 


Many of the above examples are mentioned in a survey 
paper by Spencer([S4]). See also the paper of Stein([S5]). It is 
hoped that more applications of the method will be discovered in 


the future. 
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APPENDIX 5 


A LOWER BOUND FOR B(5) 


We present here an argument to show that 
BCOVES* 6, 
that is, the minimal size of 5-graphs without property B(1,3) 
exceeds 8. Lemma 5.6 of Chapter Five will be appealed to throughout 


the argument, and explicit references will not be made. 


Suppose F={F,,...,Fg} is a 5-graph without property 
B(1,3). We may assume that every pair of vertices of F meets at 
least once. It is easily seen that no vertex can be of degree 7, 6, 


7 or &. We consider two cases: 


(i) Somce vertex v is of degree 5 


Suppose say veF,n...nFs. Clearly FenF7nFg=@ or we have a 
(5,1,3)-set with two vertices. We assume that 
[Fenk7| 2 |Fenks| = |F7nFg| 
and consider four subcases. 
(a) |FgnFz7|=1 We have |UF|=23. In order to meet every other vertex, 
each vertex must be of degree at least 3. Since v is of degree 5, 


at least one vertex will be of degree at most 2. This is impossible. 


(b) FenF7|=4 Let FenF7={a,b,c,d}. Then v must meet each pair in 
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{a,b,c,d}xFg. Now v can meet at most four such pairs in each of Fj, 
--+,Fs5. Hence it must meet exactly four pairs in each edge. It 
follows that each of F),...,Fs5 contains two vertices from each of 
{a,b,c,d} and Fg. Hence one of a, b, c and d will appear in less 
than three of F,,...,Fs5. Thus v cannot meet all pairs in {a,b,c,d}xFg. 
This is impossible. 
(c) |FenF7|=2 Let FenF7={a,b}. There exist ceF, and deF7 such that 
c,d¢Fg. Now v must meet each pair in {a,b,c,d}xFg. This is shown 
in subcase (b) to be impossible. 
(d) [FenF7|=3 Let FenF7={a,b,c}. By subcase (b), FeuF7 cannot 
contain a vertex déFg. Suppose F,u...uFs contains a vertex d¢éFg. 
In order that d should meet every other vertex, it must be of 
degree at least 3, say deF,nFonF3. Now v must meet each pair in 
{a,b,c}xFg. It can meet at most two such pairs in each of Fy, Fo 
and F3, and four such pairs in each of F, and F5. This is 
impossible. 

Hence \UFl=9. Now the sum of the degrees of the vertices 
is 40 while the degree of each vertex lies between 2 and 5. There 
are five possible decompositions of 40 into 9 such parts: 


40 = 54+54+54+54545454+3542 


SF OFOFOFSFOF4F4HZ 


St SF SF OFSFSAIFSHS 


SF OF OF SF SFIFAFIFS 


5+ EA5+5E4 444444444. 


Each possibility can be disposed fairly easily. 
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(ii) No vertex is of degree 6 

Clearly |UF|210. A vertex of degree 2 cannot meet every 
other vertex. Hence all vertices are of degree 3 or 4. Let A and B 
denote respectively the sets of vertices of degree 4 and 3. Let 
a=|A| and b=|B|. Then 4a+3b=40. We consider the three possible 
subcases. 
(a) a=10, b=0 Every pair of vertices must meet at least twice. 
Since each vertex is only of degree 4, this is impossible. 
(b) a=7, b=¢ Each vertex in A must meet every other vertex in A at 
least twice, and every vertex in B at least once. Hence it meets 
every other vertex in A exactly twice and every vertex in B exactly 
once. Let hg,...,24 denote the number of edges of F which contain 
respectively 0,...,4 vertices in B. Then we have the following 


system of equations: 


Shot 4hyt3hot+2h3+ hy = 28 

hyt2hotbh3t4h, = 12 

LOhotb6hyt+3Not hz = 42 

hot3h3t+6hy = 10 

4hyt+6hot6h3+4hy, = 28. 

There are three meaningful solutions: 

(Rois Nost zeit) = 03,151,607 
hostyshoh3,hy) = (2,8,1,1,1) 


(Rig shy5h25235hy) =z (oy Oye, Ost) 
Each possibility can be disposed fairly easily. 


(c) a=4, b=8 Each vertex in B must meet every other vertex at least 
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once. Hence it meets exactly one vertex twice. Let B={a,b,c,d,e,f,g,h}. 
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Suppose a,beF,nF,. Now each of a and b must appear separately in one 
other edge, say aeF3 and beF,. Clearly F3-{a}=F,-{b}. Furthermore, 
we must have F3nFycA. We may assume that F,={a,b,c,d,e} and 
Fo={a,b,f,g,h}. Now each of c, d and e must appear in two of Fs,..., 
Fg. Hence one of them, say c, will either meet d or e three times 

or both d and e twice. Neither case is possible. Therefore every 
vertex in B meets every other vertex in B exactly once. It follows 
that every vertex in A also meets every other vertex in A exactly 
once. Let f,,...,h5 denote the number of edges of F which contain 
respectively 1,...,5 vertices in B. Then we have the following 


system of equations: 


4hy+3hot2h3t+ hy = 16 
hy+2ho+3h3+4hyt+ dhs = 24 
6hyt+3hot hz = 12 

hot5h3t6hyt10hs = 28 
4h y+6hot6h3+4hy = 20. 


There are four meaningful solutions: 
(Ay hos asitio hs. = 010,660, 
(iisloslasustay =a dodo o500 
(hy ,ho,h3,hy,hs5) = (0,3,8,1,1) 
(hy sho shaky hs) = (0,4,0,4,0). 


Each possibility can be disposed fairly easily. 
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